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Abstract

In this paper we consider a Mayer optimal control problem governed by a hybrid control system
defined over a partition of the state space. We assume that the control system depends on a regionally
switching parameter that remains constant in each region but that can change its value when the state
position crosses interfaces. This new framework allows to deal, as a particular case, with control systems
including non-control regions. In this paper our objective is to provide the corresponding necessary
optimality conditions in a Pontryagin form. Our approach is based on a thorough sensitivity analysis of
the hybrid control system under needle-like perturbations of the control and under convex perturbations
of the parameter. To this aim we invoke implicit function arguments to deal with the interface crossings
that are assumed to be transverse. The paper is concluded with a simple academic example showing that
our framework allows to fill a gap in the literature.

Keywords: hybrid systems, optimal control, necessary optimality conditions, hybrid maximum principle,
Pontryagin maximum principle, sensitivity analysis.

AMS classification: 34A38, 49K15, 93C57.

1 Introduction

Optimal control theory was developed at the end of the fifties with two major mathematical theorems,
namely, the Hamilton-Jacobi-Bellman equation [12] (in short, HJB equation) and the Pontryagin Maximum
Principle [52] (in short, PMP). The HIB equation focuses on sufficient optimality conditions, while the PMP
represents, in some say, its counterpart about necessary optimality conditions. The objective of the present
paper is to extend the latter in a new framework related to hybrid control systems.

To get into details of our new setting, we need to recall first the usual context of application of the PMP
and some of its key issues. In many areas (such as engineering, biology, aeronautics, aerospace, etc.), cost
functionals (like energies, time transfer, etc.) have to be minimized among solutions of a control system of

the form
z(t) = fx(t),u(t),t), a.e. t € [0,T],

where = (resp. u) stands for the state position (resp. the control) and where f : R™ x R™ x [0,7] — R" is
(usually) a C! function called dynamics of the control system. The PMP has been developed especially to
deal with such optimal control problems. It provides a so-called Hamiltonian maximization condition which
guarantees, in particular, that the optimal control can be expressed as a feedback of the state position and a
costate function.

Initial motivation: control systems with non-control regions. At this step, it is worth noticing that
the literature usually presupposes that it is possible to change the control value u(t) at any real time ¢ € [0, T].
In that case we speak of a permanent control. However, in several application models such as in automation,
one can consider only a piecewise constant control (also known as sampled-data control) whose value can be
modified only at certain instants (and remains constant otherwise). For instance, in the digital controller
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design for renewable energy systems [51], changes of the control value u(t) are possible only at t = k7 for
all k£ € N, for some fixed 7 > 0. To cope with such situations of sampled-data controls, the PMP has recently
been adapted [19] 20} 21} 22] and the corresponding version provides a so-called averaged Hamiltonian gradient
condition instead of the usual Hamiltonian maximization condition.

The initial motivation of the present work was to consider a related situation in which a control system
possesses non-control regions. To illustrate this new concept, consider a finite partition of the state space

N
R" =X,
j=1

in which the X; are disjoint nonempty connected open subsets of R”. Now consider that, according to the
state position z(¢) in the above partition, it may be no longer possible to change the control value u(t) in a
permanent way. In other words, each region X is either a control region (in which the control value u(t)
can be modified in a permanent way) or a non-control region (in which the control value u(t) is frozen and
remains constant as long as x(t) € X;). As an example of such a problematic, we can cite the problem of
shadow effect in aerospace problems [35], B9, 42]. It is also of interest in population dynamics models when
considering safety zones in which no change of the control value is applied for economic reasons (see the time
crisis problem [II] in the context of viability [3]).

Our approach: hybrid control systems with a regionally switching parameter. In a control system
including non-control regions, the control function can be seen as a permanent control in a control region,
and as a constant parameter in a non-control region. Therefore, to address this setting, our approach was to
write the control system as

() = fz(t),u(t),t) if z(t) belongs to a control region,
= flx(t), A(t),t) if z(t) belongs to a non-control region,

where A is a regionally switching parameter, in the sense that A is a function that remains constant while
the state position x(¢) stays inside a region, and can switch (that is, can change its value) only when the
state position z(t) goes from one region to another. Note that A is not necessarily constant over the whole
interval [0, 7]. It can have different values if different regions are visited (and can even have different values in
the same region if the state position x(t) quits and visits several times this region). Hence one can see A as a
piecewise constant control but we insist on the fact that this framework strongly differs from the sampled-data
control setting since the possibility (or not) of changing the value of A depends on the state position x(t)
(and not on the time variable ).

With the above approach, a crucial point is that the dynamics is no longer continuous at the interfaces
between control regions and non-control regions. Therefore our framework falls into the domain of hybrid
control systems (that is, control systems with discontinuous dynamics). Such control systems are naturally
present in many areas such as aircraft planning [59] 61], motion planning [37] or population dynamics [47]. Note
that situations of hybrid control systems are various. For example, the dynamics may change discontinuously
(only) with respect to time (see, e.g., [31]). A more general possibility is to consider a switching law, that
may depend on several parameters, which governs the discontinuous changes of the dynamics. In that case
one may speak of switched systems or switching systems (see, e.g., [I3, 29, [66]). To extend the PMP to such
discontinuous frameworks, the so-called Hybrid Maximum Principle (in short, HMP) has been developed in
various hybrid settings, in a series of papers such as [26, 27, 28] 38 [42] 50} [60] and references therein. In the
present article, in the spirit of previous works such as [25] 26] 38| [42], we consider the hybrid setting where
the dynamics changes discontinuously (only) according to the state position z(¢) in a given partition of the
state space R™. In that context, in contrary to the classical PMP in which the costate function is absolutely
continuous, the HMP provides a costate function that has discontinuity jumps when the state position z(t)
crosses interfaces.

As far as we know, the consideration of an additional regionally switching parameter A (as presented
before) has never been considered in the literature. Furthermore, in contrary to a constant parameter (or to
a sampled-data control), the framework of a regionally switching parameter cannot be easily covered by an
augmentation technique or any other tricky procedure (see Remark for details).

a.e. t € [0,T7,



Our main result. Hence, in this work, we consider the general hybrid control system, involving both a
permanent control and a regionally switching parameter, given by

z(t) = h(z(t), A(t), u(t), t), a.e. t € [0,T7,

where ) is a regionally switching parameter (as presented above) and where h : R” x R? x R™ x [0,T] — R®
is a hybrid dynamics, in the sense that it is defined regionally by

h(z, A\, u,t) :== hj(z, A\, u,t), when z e X,

where the h; : R x R4 x R™ x [0, 7] — R™ are C! functions. We insist here on the fact that control systems
with non-control regions (which constitute our initial motivation) are a particular case of the above setting.
The main objective of this paper is to provide first-order necessary optimality conditions in a PMP form for
a Mayer optimal control problem

minimize ¢(z(T)),

among solutions to the above hybrid control system. Therefore our main result (Theorem is called hybrid
mazximum principle with regionally switching parameter. As one can expect, given an optimal triplet (z, A, u),
Theorem asserts that u satisfies the classical Hamiltonian maximization condition, while A satisfies the
averaged Hamiltonian gradient condition over each region visited. Furthermore, as usual in the hybrid setting
(as explained above), a jump of the costate function is observed at each crossing time.

Now let us discuss briefly the proof of Theorem and the main difficulties encountered. In abstract
optimization, to derive necessary optimality conditions, one has to perform a sensitivity analysis of the
constraints. In our setting, this translates into a sensitivity analysis of the hybrid control system. To this
aim, we consider a perturbation of the control (needle-like perturbation as in [7, 84} [53]) and of the regionally
switching parameter (convex perturbation as in [19} 20]). Under such local perturbations, we obtain a
perturbed trajectory, but also a perturbed crossing time. We stress that the major difficulty of this work lies
in handling this perturbed crossing time. To prove its existence, we rely on implicit function arguments which
require two regularity assumptions: left and right continuity of the nominal control at the crossing time,
and a transverse crossing condition on the nominal trajectory. Such hypotheses are commonly used in the
hybrid setting (see, e.g., [0 42, [50]). In addition, since the perturbed crossing time does perturb the next one,
and so on, and so on, an inductive reasoning is required to prove the existence of the remaining perturbed
crossing times. Once the sensitivity analysis is complete, the proof of our main result follows similar steps to
the PMP’s proof which is based on the construction of an adequate adjoint vector to maintain the constancy
of the inner product with all variation vectors. Let us note that, as usual in the hybrid setting, since the
variation vectors admit discontinuities at each crossing time (due to the perturbed ones, as explained above),
the adjoint vector also admits jumps at each crossing time.

Finally, the main novelties of this work are the variation vectors obtained with convex perturbations
of the regionally switching parameter (which lead to the averaged Hamiltonian gradient condition) and
the applicability of our main result to control systems with non-control regions (which is developed in a
companion proceeding [§]). Furthermore we emphasize that our goal was to provide a very complete and
rigorous proof of the HMP. Therefore the proof is quite long and technical and it is postponed to the end of
the paper. However, for pedagogical reasons and for the reader’s convenience, we provide in Section [2.4] a
short overview of the proof of Theorem [2.1]

Some remarks. Hereafter we provide a short list of comments that we thought important to highlight
before starting the paper:

(i) In contrary to what is claimed above (for simplicity), we actually consider in the present work the
possibility of a state partition that can be infinite, and also that can be not static (in other words, that
can be time dependent). The first extension is trivial. However the second extension requires two basic
continuity conditions on the time evolution of the partition (see Remark for details).

(ii) In this paper we give a simple example showing, as noticed in [38], that a standard needle-like
perturbation of the control (as used in the literature for non-hybrid control systems) can produce a
non-admissible trajectory in the hybrid setting (see Item 2. in Section . This important issue leads
us to consider the construction of auxiliary controls on which we perform needle-like perturbations to
obtain admissible trajectories (see Section for details).



(iii) The present paper does not cover terminal state constraints (that is, constraints on z(0) and z(T)).
In the classical non-hybrid setting, several methods have been developed in the literature to take into
account such constraints. One can invoke the Ekeland variational principle [33] or some implicit function
arguments (see, e.g., [2,[58]). To the best of our knowledge, the Ekeland approach does not apply in
the present hybrid setting for several reasons, while the method based on an implicit function argument
should be adaptable but at the price of a heavy formalism (see Remark for details). Since our
main objective in this work was to focus on the new concept of regionally switching parameter and
on the corresponding averaged Hamiltonian gradient condition, we decided to avoid the technicalities
related to the presence of terminal state constraints which are already well known in the literature.

(iv) Section is dedicated to a list of comments on our main result and its consequences, and also on
possible extensions. For instance we discuss the behavior of the Hamiltonian function, and the possible
extension to a general Bolza cost (instead of a Mayer cost) or to a free final time 7' > 0.

(v) By means of a simple academic example, we show in Section how to use Theorem and that the new
framework considered in this paper fills a gap in the literature. Indeed, in that example, and as one can
expect, the optimal solution associated with a regionally switching parameter has a better cost than the
one associated with a constant parameter, but has a worse cost than the one considering a permanent
control instead of the regionally switching parameter. We highlight that this example remains simple
and academic. More concrete and complex examples will be the topics of further research works. Finally
let us refer to [8] for the specification of our main result to (non-hybrid) optimal control problems with
non-control regions.

Organization of the paper. The paper is structured as follows. Section [2] starts with notation and
functional framework. Then we introduce a general Mayer optimal control problem governed by a hybrid
control system including a regionally switching parameter. Our main result (Theorem about the
corresponding first-order necessary optimality conditions in a PMP form is stated right after. Next we give an
overview of the proof of Theorem [2.1] as well as a list of comments and perspectives. Section [3]is dedicated
to a simple academic example. The last three sections are dedicated to the quite long and technical proof of
Theorem Precisely, in the preliminary Sections [4 and [5] we provide a thorough sensitivity analysis of a
non-hybrid and of a hybrid control system respectively. Based on these technical results, Section [f]is devoted
to the complete proof of Theorem [2.1]

2 Main result

This section is dedicated to state our main result. To this aim, Section[2.1]is devoted to the required notations
and functional framework. In Section [2.2] the hybrid optimal control problem with regionally switching
parameter considered in this paper is presented, with terminology and assumptions. In Section the
corresponding hybrid maximum principle, which constitutes our main result, is provided (see Theorem [2.1]).
The proof of Theorem is quite long and technical. Therefore it is postponed to the end of the paper.
Nonetheless, for the reader’s convenience, an overview of the proof of Theorem is proposed in Section [2.4}
Finally a list of general comments on Theorem [2.] and its consequences, and also on possible relaxations and
extensions is provided in Section [2.5

2.1 Notations and functional framework

In this paper, for any positive integer d € N*, we denote by (-, -)ga (resp. || - ||ge) the standard inner
product (resp. Euclidean norm) of R?. For any subset S C R¢, we denote by S the boundary of S defined
by 05 := S\Int(S), where S and Int(S) stand for the closure and the interior of S respectively. Furthermore,
for any extended-real number r € [1, +o0] and any nonempty real interval I C R, we denote by:

e L"(I,R?) the standard Lebesgue space of r-integrable functions defined on I with values in R?, endowed
with its usual norm | - |-



e C(I,R?) the standard space of continuous functions defined on I with values in R?, endowed with its
standard uniform norm || - |c.

e AC(I,R%) the subspace of C(I,R?) of absolutely continuous functions.

If a function 7 : I — R? admits left and right limits at some 7 € Int(I), we denote by

() = T () = T
v ()= limA(t) and  y7(7) = lim (D).
t<t t>1
Now take I = [0, T] for some T' > 0. Recall that a partition of the interval [0, T is a finite set T = {tx }x=0.... N,

for some positive integer N € N* such that 0 =t <t; < ... <ty_1 <ty =7T. In this paper:

e A functiony € L>([0,T],R?) is said to be piecewise constant, with respect to a partition T = {tj }r=0.. ~
of the interval [0, T7, if the restriction of v over each open interval (¢x_1,¢x) is almost everywhere equal
to a constant denoted by 7, € R%. If so, 7 is identified to the function v : [0, T] — R? given by

(1) = v ift € [tg_1,tx) forall ke {1,...,N — 1},
Y= gy ift € [tnor,tn] for k= N,

for all ¢ € [0, 7.

e A function 7 : [0, 7] — R is said to be piecewise absolutely continuous, with respect to a partition T =
{tt}r=0,. ~ of the interval [0, T], if v is continuous at 0 and T" and the restriction of  over each open
interval (tx_1,tx) admits an extension over [ti_1,tx] that is absolutely continuous. If so, v admits left
and right limits at each ¢ € (0,7, denoted by v~ (tx) and " (¢)) respectively.

In what follows we denote by PC”([0,7],R?) (resp. PAC”([0,7],R%)) the space of all piecewise constant
functions (resp. piecewise absolutely continuous functions) respecting a given partition T of [0, 7]. Finally we
denote by PC([0, T],R%) (resp. PAC(]0, T],R%)) the set of all piecewise constant functions (resp. piecewise
absolutely continuous functions), independently of the partition considered.

Finally, as usual in the literature, when (Z,dz) is a metric set, we denote by Bz(z,¢) (resp. Bz(z,¢))
the standard open (resp. closed) ball of Z centered at z € Z and of radius € > 0.

2.2 A hybrid optimal control problem with regionally switching parameter

Let n, d, m € N* be three fixed positive integers and 7" > 0 be a fixed positive real number. In this paper, in
the spirit of [42], we consider a time dependent partition of R™ given by

veelo,T], R"=|JX;),
JjET

where J is a (possibly infinite) family of indexes and where, for all ¢ € [0, T], the nonempty connected open
subsets X(t), called regions, are disjoint. This time dependent partition is furthermore assumed to satisfy
two basic continuity conditions given by:

(C1) for all j € J and all € C([a,b], R") satisfying x(t) € X;(t) over [a,b], for some 0 < a < b < T, there
exists a uniform o > 0 such that Bgn(x(t),0) C X;(¢) for all ¢ € [a,b].

(C2) forallt® e (0,T) and all z € C([t°—0,t°+], R"™) satisfying z(t) € X;(t) over [t°—0,t°) and z(t) € X/ (t)
over (t°t¢ + ¢], for some j, j' € J with j # j' and some small § > 0, it holds that z(t°) €
0X;(t°) NOX(t%).

Remark 2.1. Note that the continuity conditions (C1) and (C2) are automatically satisfied whenever the
partition is static (that is, independent of the time variable ¢). In contrast, when the partition is not static,
the continuity conditions (C1) and (C2) guarantee, as one might expect, a kind of smooth and reasonable
time evolution of the regions composing the partition. We refer to Figure [1] for illustrations. Note that it
is not our aim here to use the technical tools from multi-valued analysis (see, e.g., [B, [67]) to describe the



-7~ ()Xl(f( — (5) N (()X‘j/(t(" — (S)
OX;(t°) N OX i ()
(€977 0X;(t° + 6) N OX/ (¢ + 6)

.,

T

e x(t° 4 9)

(b)

Figure 1: Tllustrations of Condition (C1) on the left, and of Condition (C2) on the right.

continuity properties of the multi-valued functions X; : [0,7] = R”. Indeed the continuity conditions (C1)
and (C2) are sufficient for our investigation. Precisely the present work focuses on optimal control problems
involving hybrid control systems associated with the partition. Our aim is to derive necessary optimality
conditions which are obtained, as usual in the literature, thanks to a thorough sensitivity analysis of the
hybrid control system under various perturbations. In our approach, the continuity conditions (C1) and (C2)
are used to construct appropriate perturbed trajectories which visit exactly (and in the same order) the same
regions than the nominal one. We refer to Section [2.4] for details and illustrations.

Additionally to the above time dependent partition of R™, we consider a hybrid dynamics h : R® x R? x
R™ x [0,T] — R™ defined regionally by

V(z, A\, u,t) € R x RT x R™ x [0, 7], h(z, A\, u,t) := hj(x,\,u,t) when = € X;(t),

where the maps h; : R" x RY x R™ x [0,T] — R™ are of class Cl. Note that h(z, A, u,t) is not defined
when x ¢ Uje7X,(t) but this fact will have no impact on the rest of this work. In this paper we focus on the
hybrid control system with regionally switching parameter given by

(z, A\, u) € AC([0, T],R™) x PC([0,T],R%) x L>=([0, T],R™),
(t) = h(z(t), A(t),u(t),t), a.e.te|0,T], )

2(0) = Zinit,

A is a regionally switching parameter associated with z,

where the fixed initial condition zini; belongs to X, (0) for some j; € J. In the control system , as usual
in the literature, € AC([0,T],R"™) is called the state (or the trajectory) and v € L*°([0,T],R™) is called
the control. In the literature, there are many references that discuss the additional presence of a constant
parameter A € R? (see, e.g., [I7]). The novelty of the present work lies in the consideration of a regionally
switching parameter X € PC([0,T],RY) meaning, roughly speaking, that the parameter \ remains constant
while the trajectory x stays inside a region, but is authorized to switch (that is, to change its value) when
the trajectory x crosses a boundary, going from one region to another. The precise definition of a solution

to (CS)) is given below.

Definition 2.1 (Solution to (CS)). A triple (x, \,u) € AC([0,T],R™) x PC([0,T],R?) x L>([0,T],R™) is
said to be a solution to (CS) if the following conditions are satisfied:

(i) There exists a partition T = {¢{ }r=o,..., n of the interval [0,T] such that
Vee{l,...,N}, 3j(k)e T, Vte (ti_,ty), z(t) € X;jum(t),
with j(k) # j(k — 1) for all k € {2,..., N}, with (0) € X;(1)(0) and z(T) € X,z (T).
(i) A is a regionally switching parameter associated with z, that is, A € PC" ([0, T], R%).

(iii) The state equation &(t) = hj)(x(t), Ak, u(t),t) is satisfied for almost every ¢ € (t7_,,t};) and all k €
{1,...,N}.



(iv) The initial condition 2(0) = z,;; is satisfied (and thus j(1) = j;).

In that case, for the ease of notations, we simply denote by fy, := h;) and Ey, := X, forall k € {1,...,N}.
With this system of notations we get that

z(t) € Ex(t), Vte (th_i,t0),

ket N, { E(t) = fe(z(t), Ao, ult),t), ae. te (t5 1),

and z(0) € E1(0), (T) € En(T). Furthermore the times ¢, for k € {1,..., N — 1}, are called the crossing
times, corresponding to the times at which the trajectory x goes from the region Fj to the region Ej1, and
thus z(t7) € 0Ek(t) N 0Ek41(t5) from the continuity condition (C2). We refer to Figure [2| for an illustration.

x(T)
1(0) = Tinit

OB (£5) N OB, (£5) OEL(t) NOBa(ty)  OEn—1(t_,) NOEN(t5_,)
Figure 2: Illustration of Definition

Remark 2.2. In control theory, the terminology hybrid control systems refers to control systems governed
by dynamics that can change discontinuously. They arise in many application models such as in automatic
control [6, 15, @9] (6], aircraft planning [59, [61], or motion planning [37], etc. They are also considered in
population dynamics [47] and in viability theory [II] when dealing with a discontinuous Lagrange cost function
to be minimized such as in time crisis problems [I0]. Other examples can be found in the monographs [40, 63].

Note that situations of hybrid control systems are various. For example, the dynamics may change
discontinuously (only) with respect to time (see, e.g., [3I]). A more general possibility is to consider a
switching law, that may depend on several parameters, which governs the discontinuous changes of the
dynamics. In that case one may speak of switched systems or switching systems (see, e.g., [13, 29, 60]). In
this paper, in the spirit of previous works such as [25] 26|, 38, [42], we consider the case where the dynamics
changes discontinuously (only) according to the position of the state in a given time dependent partition of
the state space R™.

The main novelty of the present work is to take into account an additional regionally switching parameter
that remains constant in each visited region but may switch at each boundary crossing. To the best of our
knowledge, this framework is new and is motivated by several applications. Typically, in the satellite orbit
transfer problem or in the aerospace domain, a controlled spacecraft may enter into shadow zones in which
the control value cannot be modified anymore and thus remains constant (see, e.g., [35, [39] and references
therein). As explained in Introduction, such optimal control problems with non-control regions are particular
cases of our setting. Note that, in population models, epidemiology, or in viability theory, it may be useful
for a practitioner to stop changing the control value permanently in the complement of crisis sets [I1], which
also falls into the framework of non-control regions.

Remark 2.3. In this paper, note that the fixed initial condition z;,;; belongs to a region (and not to a
boundary) and, according to Definition we deal (only) with trajectories « whose final condition z(7T')
also belongs to a region (and not to a boundary). These restrictions allow us, similarly to the continuity
conditions (C1) and (C2) (see Remark [2.I), to avoid situations in which the sensitivity analysis of the hybrid
control system would involve perturbed trajectories that would visit more regions than the nominal
one. However we are confident that, at the price of a slightly more cumbersome analysis, the methodology
developed in this paper (in particular the assumptions and techniques used to deal with the boundary
crossings over the open time interval (0,7)) could be easily adapted to deal with terminal conditions that
might belong to boundaries.



Our objective in the present work is to derive first-order necessary optimality conditions, in the form of a
Pontryagin maximum principle, for the hybrid optimal control problem with regionally switching parameter
given by

minimize o(z(T)),

subject to  (z, A\, u) € AC([0,T],R™) x PC([0,T], R%) x L>=([0, T],R™) solution to (CS),  (OCP)
(A(®),u(t)) e Ax U, ae. tel0,T],

where the Mayer cost function ¢ : R” — R is of class C!, the parameter constraint set A is a nonempty convex

subset of R? and the control constraint set U is a nonempty closed subset of R™. We refer to Section @

(Item 11) for comments on how the hypotheses made on A and U are used in our approach, and to Remark|2.10
for possible relaxations.

Remark 2.4. Note that several versions of necessary optimality conditions for hybrid optimal control
problems, in the form of a Pontryagin maximum principle, are already available in the literature (see,
e.g., [311 38, [42] and references therein). However, to the best of our knowledge, none of them allows to deal
with our framework. Indeed:

e First, note that a hybrid optimal control problem with an additional constant parameter A\ € R?
can be easily treated, thanks to the classical method of augmenting the control system with the
equation A(t) = Oga (see, e.g., [I7]). One obtains a necessary optimality condition written as an
averaged Hamiltonian gradient condition over the whole interval [0, T].

e Second, in the case where \ € PCT([O, T],R%) is a piecewise constant control (also known as sampled-data
control), with a given and fixed partition T = {t;}r=0,... v (independent of the state), one can easily
deduce necessary optimality conditions from the previous item. Indeed, using an adequate change of
time variable (transforming all intervals [t;_1,?] into a common interval [0, 1]), all the values \;, € R?
become constant parameters and one can deduce an averaged Hamiltonian gradient condition over each
interval [tr—1,tx] (see, e.g., [20, 21]). Note that, in case of a free partition T (but with a fixed positive
integer N € N*), one can consider each t; as a parameter and derive a necessary optimality condition
given by the continuity of the corresponding Hamiltonian function (see, e.g., [19]).

The techniques and results presented above are well known in the non-hybrid setting, and can certainly be
generalized to the hybrid setting with no major difficulty. However, even if considering a regionally switching
parameter might seem as easy as dealing with sampled-data controls, it is not. The main technical issue here
lies in the fact that the possibility of changing the parameter value depends on the state position (and not on
the time variable). To the best of our knowledge, this point has never been discussed in the literature, and
cannot be addressed easily with a technical trick. Hence the major contribution of this paper is to fill this
gap in the literature.

2.3 Hybrid maximum principle with regionally switching parameter

Our main result (Theorem [2.1)) is based on some regularity assumptions made on the behavior of the optimal
triple (x, A, u) at the crossing times t7. These hypotheses are precised in the next definition.

Definition 2.2 (Regular solution to (CSf)). Following the notations introduced in Definition a so-
lution (x,\,u) € AC([0,T],R™) x PC([0,T],R?) x L>([0,T],R™) to (CS) is said to be regular if there
exist 0 < < %minkzl’m,N |tk — tr—1] and v > 0 such that:

(A1) At each crossing time t¢, the control u is continuous over [t{ — §,t;) and over (¢7,t; + ¢], and admits
left and right limits at ¢, denoted by u™(¢f) and u™ (£) respectively.

(A2) At each crossing time t¢, there exists a C! function Fy, : Bra (2(£5),v) X [t{ — 6,15 + 8] — R such that
y € Ex(t) & Fi(y,t) <0,
V(Y1) € Ban (@(t5), v)  [£5 — 8,65 + ], y € OEL(t) OB (t) & Fyly.t) =0,
y € Epia(t) & Fr(y,t) >0.



In particular it holds that Fj(x(tf),t;) = 0.

(A3) At each crossing time tf, the transverse conditions given by
(Vo Fi(2(t5), 1), (fe) ™~ (t))rr + VieFi(a(t}), 1) > 0,

(Vo Fi(a(th), 1), (Frrn) T (80))mn + VeFi(x(t0), 1) > 0,

where () (£) = fi(0(t5), A u™ (£),£2) and (fi1)(5) i= fir (2(£), Ayy1, (1), ), are both
satisfied. We refer to Figure [3] for a geometrical illustration.

OE (%) NOE41(t5) x

Figure 3: Geometrical illustration of a transversal boundary crossing (see Assumption (.A43)).

Remark 2.5. Let us comment the assumptions presented in Definition 2:2] In this paper, necessary
optimality conditions for will be obtained thanks to a sensitivity analysis of with respect to
(local) perturbations of the regionally switching parameter and the control. However, considering such a local
perturbation in a given region E}, leads, as usual, to a perturbed trajectory, but also to a perturbed crossing
time between the two consecutive regions Ej and Fj;1. Our approach to guarantee the existence of this
perturbed crossing time relies on the application of an implicit function theorem (see Lemma which
requires Assumption (LA2) to benefit a local description (in space and time) of the boundary between Ej
and Fjy1. This gives us an explicit function whose regularity is guaranteed by Assumption (A1) and whose
the invertibilty of the partial derivative (with respect to time) is guaranteed by the first transverse condition
in Assumption (.A3). Finally, the second transverse condition in Assumption (A3) allows us to guarantee
that the perturbed trajectory enters in the next open region Ej;1. We then proceed by induction, region
after region. We refer to Section [2.4] for details and illustrations.

Before stating the main result of this paper we just need to recall some basics, such as the standard
definition of the (convex) normal cone to A at a point A € A given by

NA\ = {N € RY YN € A, (N, N — A)ga <0},

and the usual definition of the Hamiltonian H : R" x R? x R™ x R™ x [0, T] — R associated with the optimal
control problem (OCP) given by

V(z, A\ u,p,t) € R x REX R™ x R™ x [0,T],  H(x, \,u,p,t) := (p, h(x, \, u,t))gn.
We are now in a position to state the main result of this paper.

Theorem 2.1 (Hybrid maximum principle with regionally switching parameter). If (z, \,u) € AC([0, T], R™) x

PC([0,T],R%) x L=°([0,T],R™) is a solution to (OCP], that is moreover a regular solution to (CS)), then,
following the notations introduced in Definitions|2.1|and [2.2] there exists an adjoint vector p € PACT ([0, T], R™)

(also called costate) such that:

(i) The adjoint equation p(t) = —V fr(z(t), Ak, u(t),t) Tp(t) is satisfied for almost every t € (t§_,,t¢) and
all ke {1,...,N}.

(ii) The final condition p(T) = —V¢(x(T)) is satisfied.



(iii) At each crossing time tf, the adjoint discontinuity condition

(" (1), (Frrn) " (t7) — (fi)~ (7))
(Vo B (), 1), (fe) = (87))me + Vg (2(t7), 1)

Pt —p (1) = - Ve Fy(2(ty), th), (AD)

is satisfied.

(iv) The Hamiltonian mazimization condition

u(t) € argentljax H(x(t), Mg, v, p(t), t), (HM)

holds true for almost every t € (¢5_,,t%) and all k € {1,...,N}.

(v) The averaged Hamiltonian gradient condition

/l]é VaH (x(s), Ak, u(s),p(s),s)ds € Na[Ag], (AHG)

k—1
holds true for all k € {1,..., N}.

The proof of Theorem is quite long and technical. Therefore it is postponed to Section [6] after the
two preliminary Sections [4 and [f] that are dedicated to sensitivity analyses of non-hybrid and hybrid control
systems respectively. Nonetheless, for the reader’s convenience, an overview of the proof of Theorem is
proposed in the next Section [2:4] Finally a list of comments on Theorem [2.1] and its consequences, and also
on possible relaxations and extensions is provided in Section [2.5]

2.4 Overview of the proof of Theorem

This section is dedicated to an overview of the proof of Theorem For the reader’s convenience, our
presentation is divided into twelve major items in which we take care to highlight at which point of the proof
the continuity conditions (C1) and (C2) and the regularity assumptions (A1), (A2) and (A3) are used.

Before, we would like to emphasize a crucial point: Item 2 provides a simple example showing that a
standard needle-like perturbation of the control may be not admissible in the hybrid setting, in the sense
that the corresponding perturbed trajectory may not uniformly converge to the nominal one, or may not be
a global solution to the control system. This counterexample reveals an erroneous assertion in [42, beginning
of Section 2.1.1] and highlights interesting comments given in [38, pp. 1872]. As a conclusion, handling
needle-like perturbations of the control in the hybrid setting requires a careful attention.

1. From the point of view of abstract optimization, sensitivity analysis of constraints (with respect to
given parameters) plays a fundamental role in order to derive necessary optimality conditions. In
optimal control theory, this translates into a sensitivity analysis of the control system with respect to
perturbations of the control u. To derive the classical Pontryagin maximum principle, the standard
method is to consider a needle-like perturbation defined by u®(t) := v for all t € (7 — o, 7) and u®(¢) :=
u(t) elsewhere, for all a > 0 and where v € R™ and 7 € (0,T) are fixed. Then one has to identify the
corresponding variation vector, that is the uniform limit of zaa*f” when « — 0, where z® stands for
the perturbed trajectory associated with the perturbed control u® (see Figure |4)), as the solution to a
linearized control system.

T T—«Q T
(b)

Figure 4: Illustrations of a needle-like perturbation (left) and the corresponding perturbed trajectory (right).
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2. However a needle-like perturbation may be not admissible in the hybrid setting, in the sense that
the corresponding perturbed trajectory % does not necessarily converge uniformly to x over [0,T]
when o — 0, or even may be not defined globally over the whole interval [0,7]. Let us provide a
simple counterexample which highlights this issue which is not encountered in the classical non-hybrid
setting. Consider T'= 2, n = m = 1 and the static partition R = X; U X5, where X; = {y e R |y < 1}
and Xo = {y € R| y > 1}. Now consider the hybrid control system given by

o [Hut) ifa(t) € Xy,
i(t) = {_u(t) if 2(t) € X;,

with the initial condition ziy; = 0. By taking the control u(t) = +1 over [0,1) and u(t) = —1 over (1,2],
we get the corresponding trajectory x given by z(t) =t over [0, 2], with ¢ = 1 as unique crossing time.
Note that all conditions considered in this paper are satisfied, including the regularity assumptions (A1),
(A2) and (A3). Now we apply needle-like perturbations of the control u at some 7 € (0,1) and we refer
to Figure [p] for illustrations.

(i) If v = —1 we get a perturbed trajectory x* satisfying x*(t) € X, over the whole interval [0, 2] and
thus 2 does not uniformly converge to x over [0, 2] when o — 0.

(ii) If v = 2 we get a perturbed trajectory 2 defined over [0,#(«)) for some #(a) < 1. Note that =
is not defined over [t(a),?2] since, by contradiction, one would obtain #®(f(a)”) = +1 and
#%(t(a)") = —1 implying that 2 does not enter into the open region X, over (f(a),1). In that
context, note that different approaches can be explored, such as differential inclusions (see, e.g., [4])
and sliding modes (see, e.g., [62]), to consider a generalized notion of solution to the hybrid control
system. However these approaches would not solve the issue presented in Item (i) anyway, and
thus we will not go any further in that direction.

The reason of this feature in the hybrid setting lies in the fact that standard needle-like perturbations
of the control u do not take into account the perturbation of the next crossing time.

R
A . T
1
1
v =2 :
1 1
1
1
N v=—1
1
— } t > 1
DY t{ 2
vy T
T —

Figure 5: Illustration of the counterexample of Item 2.

3. We are now in a position to provide an overview of the proof of Theorem Let (z, A, u) be a solution
to , that is moreover a regular solution to . To overcome the difficulty of handling needle-like
perturbations in the hybrid setting (as discussed in Item 2), we shall introduce, for all k € {1,..., N}, an
auziliary control, denoted by 4y, that coincides with the control w over (¢§_,,t%) and that is continuously
extended to a constant function outside (¢§_;,t%) thanks to Assumption (A1) (see Figure |§| and the
exact definition of 4y in Section . In the sequel we will apply needle-like perturbations only to
auxiliary controls @y (and not to the nominal control w).

11
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Figure 6: Illustration of an auxiliary control @. In this illustration, for simplicity, we have chosen a control u
that is continuous over each (t§_,,t7) but it is not necessary. We only know that v satisfies the continuity
properties given in Assumption (A1).

4. Now let us fix k € {1,..., N} (from now and until Item 11). The pair (A, @) allows us to define the
auxiliary non-hybrid trajectory, denoted by Zi, as the unique solution to the non-hybrid state equation
defined with the dynamics fi only (that is, with the dynamics fj, all over R™, even outside Fj) and
with the constant parameter A, only (that is, with the constant parameter \; all over [0,7T], even
outside (t§_,,t%)), together with the initial condition 2 (t;_,) = x(t_,). Observe that Z; represents
an extension of the nominal trajectory x as illustrated in Figure [7]

R?’L

A

=+-------

Figure 7: Illustration of the auxiliary non-hybrid trajectory zj.

5. Now we will consider either a basic convex perturbation of Ay given by Ay + a(Xk — Ay for some AL €A,
either a classical needle-like perturbation of the auxiliary control @y for some 7 € (t§_,,t%) and
some v € U (see Figure . In both cases, this gives us a perturbed auxiliary non-hybrid trajectory
denoted by Z7. Since we deal here with a classical non-hybrid setting (with the dynamics fj only), we
can use standard results from the literature such as the uniform convergence of Z’ to Z, when a — 0,
and the existence of the corresponding variation vector, denoted by wyg, solution to a linearized control
system with an initial condition at t{_; reduced to Ogn.
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Figure 8: Illustration of a needle-like perturbation of @y (recall Figure @

6. The next step is to prove that the trajectory zj crosses the boundary 0E, N 0E41 at a perturbed
crossing time 5 (a) (see Figure E[) To this aim we invoke an implicit function theorem (see Lemma [5.1)
to the map Gy, : (o, t) — Fy (27 (t),t) that can be applied thanks to the regular assumptions (A1), (A2)
and (A3) and the construction of @. In particular note that VG, is invertible at (0,¢f) thanks to the
first transverse condition in Assumption (A3).

OFE} (171\ (Oé)) N aEkH(fk (a)) OFE} ({k((k)) N 8Ek+1(fk (()4))

OEp1(t5_y) NOBw(ti_y)  OBk(t) NOEea(ty)  OExo(ti_y) NOBw(ti_y)  OEk(tg) N OEeq (t])
(a) (b)

Figure 9: Plot of Z7 under a convex perturbation of Ay (left). Plot of Z; under a needle-like perturbation
of @y (right). In both cases Zj' crosses the boundary 0Ej N Ejy1 at some time ¢ (c).

7. From the construction of the trajectory Z; , it can be proved that Z; stays inside Ej over (tf_,,tx(c)).
Indeed, thanks to Assumption (/A3), one can prove by contradiction that there exist tf_; < s}, <
sk < min{t$, #x(a)}, uniformly with respect to a, such that Z¥ has values in Ej over (¢{_,,s}) and

over (si,tr()) (see Lemmas and for technical details). Then, from Condition (C1) and the

uniform convergence of Z} to Z; = x over [s}, s;|, we obtain that Zy has values in Ej, over [s}, sg] also.

8. After having considered perturbations in the region Ej (see Items 4 and 5) and the consequences in
the region Ej only (see Items 6 and 7), our aim now is to analyze the resulting perturbations in the
next regions Ey41,...,Ex. For the reader’s convenience, we will detail here only the passage to the
region Fj1 (the other regions are treated with a basic induction, see Item 10). Similarly to Item 4,
the pair (Ag41,Ug+1) allows us to define the auxiliary non-hybrid trajectory, denoted by Zj11, as the
unique solution to the non-hybrid state equation considered with the dynamics fj+1 only and with the
constant parameter Ag4q only, together with the initial condition Zx11(tf) = z(¢;). Now, in contrary to
Item 5 (in which we have proceeded either to a perturbation of the parameter, either to a perturbation
of the control), we will consider here the perturbation of the initial time ¢¢ by #j(a) (constructed in
Item 6) and the perturbation of the initial condition 2(¢{) by Z2(x()). This gives us the perturbed
auxiliary non-hybrid trajectory z', ;. This construction will allow us to proceed to a concatenation of
the perturbed auxiliary non-hybrid trajectories Z} and 2z}, | (see Figure .
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Figure 10: Perturbed auxiliary non-hybrid trajectory zj/,; under perturbations of the initial time and of
the initial condition.

10.

11.

12.

Since we deal here with a classical non-hybrid setting (with the dynamics fr41 only), we can use
standard results from the literature such as the uniform convergence of Zj 1 80 Zkga when o — 0,
and the existence of the corresponding variation vector, denoted by wgy1, solution to a linearized
control system with an initial condition at ¢{ given by wy(¢§_,) plus an additional term due to the
perturbations of the initial time and of the initial condition. Finally, similarly to Item 6, we prove
that z, | crosses the boundary 0FEy.1 N OFEk,2 at a perturbed crossing time try1 ().

. Using similar arguments to Item 7, it can be proved that the trajectory zj, , stays inside Eji1

over (ty(a),trr1(a)).

Finally we proceed by induction, region after region, in order to construct the perturbed auxiliary
non-hybrid trajectories zg and the corresponding variation vectors w, for all ¢ € {k,...,N}. Then
we construct a "global" perturbed trajectory x® of x over the whole time interval [0,7T] (resp. a
"global" variation vector w) by concatenation of the perturbed auxiliary non-hybrid trajectories Zg
over [ty—1(a),t,(a)] (resp. of the variation vectors w, over [ a—1-tg)). This construction allows to
guarantee several properties. First % visits exactly (and in the same order) the same regions that
the nominal trajectory z. Second z® converges uniformly to = over [0,7] when o — 0. Third the
"global" variation vector w corresponds to the variation vector associated with the "global" perturbed
trajectory z¢ of x. It is worth mentioning that, as reported in Item 8, the "global" variation vector w

has a discontinuity jump at each crossing time ;.

From convexity of A, note that the convex perturbation of Ay belongs to A. Similarly, since v € U
and from the construction of 7% and the closedness of U, note that the needle-like perturbation of
has values in U. Therefore the constraints of Problem are satisfied and thus, from optimality
of the triple (z,\,u), it is clear that w > 0 which leads to (Vo(z(T)),w(T))rr > 0
when o — 0. One has to note that this last inequality is satisfied for any variation vector w constructed
as in the previous items, and thus is satisfied for any A\, € A, any v € U, any 7 € (0,T) and for
any k € {1,...,N}.

To conclude the proof, the method is now very similar to the standard non-hybrid setting found in
the literature. The idea is to construct an adjoint vector p which guarantees the constancy of the
inner product between the adjoint vector p and any variation vector w constructed as in the previous
items. To this aim we define p as solution to the opposite of the transpose of the linearized control
system satisfied by the variation vectors w (which corresponds exactly to the adjoint equation in
Theorem . On the other hand, to handle the discontinuity jumps of the variation vectors w at each
crossing time, we impose appropriate discontinuity jumps on p (which correspond exactly to the adjoint
discontinuity jumps in Theorem [2.1)). Finally, imposing the final condition p(T) = —V¢(x(T)), we
obtain that (p(T"), w(T))g~ < 0 for any variation vector w. Using the classical Duhamel formula and
thanks to the constancy of the inner product between the adjoint vector p and any variation vector w,
this last inequality can be rewritten as the averaged Hamiltonian gradient condition in Theorem (if
we have considered a variation vector w associated with a convex perturbation of the parameter) or as
the Hamiltonian maximization condition in Theorem (if we have considered a variation vector w
associated with a needle-like perturbation of an auxiliary control). The proof is complete.
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Remark 2.6. From the above overview of the proof of Theorem we observe that a complete sensitivity
analysis of non-hybrid state equations under perturbations of the parameter, of the control, but also of the
initial time and of the initial condition, should be carried out. This is exactly the aim of the preliminary
Section @l

2.5 A list of comments on Theorem [2.1]

This section is dedicated to a list of comments on Theorem and its consequences, and also on possible
relaxations and extensions.

Remark 2.7. Consider the framework of Theorem and let us discuss the structure of the adjoint
vector p € PACT([O,T],R") that is piecewise absolutely continuous, respecting the same partition T =
{t$ }k=0,...,n associated with the solution (z, A, u) (see Definition . Hence the restriction of p over each
open interval (¢5_,,t5) admits an extension over [tf_,t%] that is absolutely continuous, satisfying the adjoint
equation provided in Theorem @ Furthermore, at each crossing time t{,, the adjoint vector p admits a
discontinuity jump satisfying the equality . Note that is written in a backward way, in the sense
that p~(t5) is expressed explicitly in terms of p™(¢{). Nevertheless we emphasize that can also be
written in a forward way as

(P~ (t5), (frs1) *(t5) — (f1)~ (£5)) mn
<vak(x(tZ)7 tZ)v (fk)+(t(]é)>R" + vtFk(x(tZ)’ tZ)

On the other hand, due to the fact that a fixed initial condition is considered in Problem with no
final state constraint, let us note that the necessary optimality conditions imposed to the adjoint vector p
in Theorem [2.I] imply its uniqueness. However this property would not be true with general terminal state
constraints as evoked in Item (i) of Remark

pr(ty) —p~ () = - Vo Fi(x(t), £5).

Remark 2.8. Consider the framework of Theorem [2.I} Note that the Hamiltonian system
$(t> = va(.'II(t), )‘kn u(t)7p(t), t>7 p(t) = —va(SL‘(t)7 >‘k7 u(t),p(t), t)a

is satisfied for almost every t € (¢t7_,,t7) and all kK € {1,..., N}. As usual in the literature let us introduce
the Hamiltonian function H : [0,T] — R defined by

for almost every ¢ € [0, 7). Using similar arguments as in [34, Theorem 2.6.1 pp. 71], one can prove from the
above Hamiltonian system, from (HM) and from the piecewise constancy of the parameter A, that H is equal
almost everywhere over each interval (¢{_,,%5) to an absolutely continuous function which satisfies

H(t) = th(x(t)a Ak; U(t),p(f), t)a

for almost every ¢ € (t5_,,t5) and all k € {1,..., N}. Therefore we write H € PACT([0, T],R) and one can
easily obtain from simple computations that the discontinuity jumps of H are given by
—(t¢ 41) T () — (fe)~ (t5))rn
D) — (1) = ) Ue) (0) = () (e
(Vo B (2 (7)), (fer)* (G0 mn + ViFy (2(17), 1)
As in Remark we emphasize that the above formula can be rewritten in terms of p* (¢£) (instead of p~ (¢)).
Finally, from the results presented in this remark, we deduce that:

ViF((t7), 1)

(i) If the partition is static, then the discontinuity jumps of H are reduced to zero and thus H € C([0, T], R).

(ii) If the hybrid dynamics is autonomous, then H is constant over each interval (¢f_,,t;) and thus H €
PCY([0,T],R).

(iii) In the joint case where the partition is static and the hybrid dynamics is autonomous, then # is constant
over [0,T].
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Remark 2.9. Note that the averaged Hamiltonian gradient condition obtained in Theorem was
already derived in previous works [19, 20, 211, 22] in the context of optimal sampled-data control problems
(that is, with piecewise constant controls but, compared to the present work, in the simpler context where the
corresponding partition is independent of the state position). It is worth mentioning that is implicit
in general since )y intervenes, not only in both sides of the equation, but moreover in the values of x and p
along the interval ( 1 ti) Furthermore we do not know in advance the values of t{_; and tf. However,
as already seen in the previous works mentioned and as we will see in Section [3] the averaged Hamiltonian
gradient condition can be useful to determine the optimal values of regionally switching parameters.
From a numerical point of view, when A is closed, note that A\ can be expressed as the fixed point

th

Ak = proj, ()\k + VaH (2(8), Ak, u(s),p(s), s) ds),

i1
where proj, : R? — R? stands for the standard projection operator onto A. We also note that Item (i) in
Remark is in accordance with the main result obtained in [I9] stating that, when the partition associated
with sampled-data controls is free, then the corresponding necessary optimality condition coincides with
the continuity of the Hamiltonian function #. Finally, let us also mention that, under some additional
appropriate convexity assumptions made on the dynamics (see, e.g., [44]), it should be possible to derive an
averaged Hamiltonian mazimization condition of the form

#
Ak € argmax H(x(8)7u7u(s)7p(s)as) d87

wed Jig

but this point is out of the scope of the present work.

Remark 2.10. In this paper we have considered a certain framework which is, of course, not the most
general possible. In fact we have made certain choices to make the presentation and the notations as simple
and pleasant to read as possible, while keeping the essence of our work. In this remark our aim is to gather a
number of possible relaxations and extensions of Theorem One can easily be convinced by the validity of
these generalizations by reading the proof of Theorem in Sections and |§| (or the overview of the proof
provided in Section .

(i) The convexity hypothesis made on A can be removed by using a generalized version of the normal cone.
More precisely, instead of using basic convex perturbations of the form A\, + a(\x — Ax) in the proof
of Theorem one can invoke a general perturbation Ak (a) where Ak : [0,1] — A is a continuous
function satisfying A (0) = A\, and that is differentiable at 0 with derivative denoted by A} (0). Therefore
Theorem [2.1] remains valid by considering the generalized notion of normal cone to A at some A € A
given by

NY™ A := {N € RY | (V' N (0))ga < 0 for all continuous functions A : [0,1] — A with A\(0) = A
and differentiable at 0 with derivative denoted by A’ (0)}.

(ii) The closedness hypothesis made on U can be removed by assuming in Theorem that all the
limits w™ (¢{) and u™(t) belong to U. Indeed, in our proof of Theorem we only need that the
auxiliary controls 4y are with values in U.

(iii) The right continuity after each crossing time ¢f, and the left continuity before the last crossing time ¢§;_;,
of the control u (see Definition [2.2]) are useless in our proof of Theorem We have adopted these
hypotheses for the sake of simplicity of the presentation. However they can be removed.

(iv) Theorem [2.1]is stated for a solution to (OCP) in a global sense. However Theorem [2.1| remains valid
for a solution to (OCP)) in (only) a local sense to be precised.

(v) The Cl-regularity of the map ¢ can be relaxed. Indeed only the differentiability of ¢ is required for
our proof of Theorem Similarly the C'-regularity of the maps h; can be relaxed. Indeed our
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(vii)

(viii)

(x)

proof of Theorem (precisely the sensitivity analyses developed in the preliminary Sections 4| and
requires (only) that, for all j € 7, the map h; is continuous, is differentiable with respect to its two
first variables with V,h; and Vh; continuous, and is Lipschitz continuous with respect to its three
first variables on any compact subset of R” x R? x R™ x [0, T]. We refer to [14] where similar relaxed
regularity assumptions have been considered.

A possible extension of our work is to consider, for each region X;, a parameter constraint set A; C R
and a control constraint set U; C R™. Such a generalized context is interesting to impose the
values of the regionally switching parameter and/or of the control in certain regions (for example by
taking A; = {Oga} and/or U; = {Ogm } for some j € J). However, be careful, we emphasize that our
proof is based on the construction of auxiliary controls (and, in some way, of auxiliary parameters)
which would require that the parameter constraint sets A; are all subsets of the same space R?, and
that the control constraint sets U; are all subsets of the same space R™. Hence, to the best of our
knowledge, one cannot extend our proof to the case of different d; and m;.

A possible generalization of our work is to extend the space partition of R™ to a space-time partition of
the form R™ x [0,7] = UjesY;. Such an extension would cover, in particular, the framework of optimal
sampled-data control problems developed in [19] 20, 2T, 22].

Using the classical technique of augmenting the state of the control system (see, e.g., [I7]), one can
easily extend Theorem to deal with Bolza costs, that is, when the cost of (OCP) is replaced by a
cost of the form

T
o(x(T)) +/ L(z(s), A(s),u(s), s)ds,
0
where the hybrid Lagrangian L : R” x R? x R™ x [0,T] — R is defined regionally by
V(z, N\ u,t) € R" x RT x R™ x [0,T], L(x,\ u,t) := Li(z,\,u,t) when z € X;(t),

where the maps L; : R" x RY x R™ x [0,T] — R are of class C!. In that context Theorem [2.1| remains
valid by replacing the definition of the Hamiltonian H by

H(x, A\ u,p,t) := (p, h(z, A\, u,t))gn — L(2, A\, u, ),
for all (x, \,u,p,t) € R* x R4 x R™ x R™ x [0, 7], and by replacing (AD) by
pr(t) —p(th)

(Pt (%), (o) T (t5) — (o)~ (85))mn — (L) (17) — (L)~ () o .
(Vo i (2(t7),t5), (fi) = (t0))re + VieFy(2(5), £7) !

(@(t}), t7)-

One can also consider a hybrid control system of the form #(t) = h(z(t), i, A(t), u(t),t) involving an
additional constant parameter p € R? for some d’ € N*. In that context we emphasize that p is not a
regionally switching parameter: it is constant over the whole interval [0,T]. Then one can consider
the additional parameter constraint 4 € M in Problem , where M is a nonempty convex subset
of R, By adapting the proof of Theorem one can easily see that Theorem dremains valid by
replacing the definition of the Hamiltonian H by

H(x, i, A\ u,p,t) := (p, h(x, pt, A\, u, t))rn,

for all (x, pu, \,u,p,t) € R™ x R x R x R™ x R" x [0,T], and by adding the necessary optimality
condition given by

T
[ ) 1), 00610069, 8) s € N

One can also consider a version of Problem (OCP)|) with a free final time T' > 0 and in which the Mayer
cost is of the form ¢(T,z(T)). Such a framework is important to deal with minimal time problems
(see, e.g., [26], Section 3]). By using the classical technique of change of time variable ¢ = T's, one can
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transform the variable T' to optimize as a constant parameter. Thanks to the previous item and the
results obtained in Remark one can prove that Theorem remains valid with the additional
necessary optimality condition given by

H(T) = Vro(T,z(T)),

where H : [0,7] — R is the Hamiltonian function introduced in Remark

Remark 2.11. This last remark is dedicated to a nonexhaustive list of possible nontrivial perspectives:

(i)

(iii)

The present paper does not cover terminal state constraints (that is, constraints on x(0) and z(T"))
which are common in most applications of optimal control theory. This is clearly a criticism that can
be made on the present work. In the classical non-hybrid setting, several methods have been developed
in the literature to take into account such terminal state constraints. One can invoke the Ekeland
variational principle [33] or some implicit function arguments (see, e.g., [2, 58]). In one hand, it is worth
mentioning that, to the best of our knowledge, the Ekeland approach does not apply in the present
hybrid setting for two main reasons. First, this approach requires to define a continuous penalized
functional on a L'-neighborhood of the optimal control u. However we have seen in Item 2 of Section
that such a construction is obstructed in the present hybrid setting. Second, the control sequence
produced by the Ekeland variational principle (which converges in L!-norm to the optimal control w)
would have no reason to satisfy the regularity assumption (A1) and therefore the sensitivity analysis
developed in the preliminary Section [5] may be not valid on the control sequence. On the other hand,
we are confident that a method based on an implicit function argument could be adapted to the present
hybrid setting. However this approach is also based on a separation argument within the so-called
Pontryagin conver cone constructed thanks to the consideration of multiple needle-like perturbations
of the control (see, e.g., [1l 241 30, B2 [46], 52] and references therein). In the present hybrid setting,
this would have required the consideration of multiple needle-like perturbations of the control in each
region simultaneously. This would have significantly increased the complexity of the analysis and the
notations. Since our main objective in this work was to focus on the concept of regionally switching
parameter and on the corresponding averaged Hamiltonian gradient condition , we decided to
avoid the technicalities related to the presence of terminal state constraints which are already well
known in the literature and to keep the reading of the technical proof of Theorem [2.1] as pleasant as
possible. A fortiori, the same comment holds true for the consideration of running state constraints as
developed in [I7, 18] [20] and references therein.

The regularity assumptions introduced in Definition are crucial to develop the sensitivity analysis of
the hybrid control system in the preliminary Section [5] precisely to construct perturbed trajectories
which visit exactly (and in the same order) the same regions than the nominal trajectory. To the best of
our knowledge, an open question is how to obtain a hybrid maximum principle without these regularity
assumptions. In that direction, note that a similar sensitivity analysis can be developed in a hybrid
framework where Assumption (.A3) is removed, as it has been studied in the case of two static regions
from a dynamic programming standpoint in [7].

As mentioned in Introduction, the original motivation of the present work was to deal with (non-hybrid)
optimal control problems involving non-control regions (in which the control should remain constant).
This framework is actually a particular case of the present work that has been developed in details
in [8] and is motivated by applications related to aerospace, for example thrust problems with shadow
zones causing inability to thrust while the spacecraft is passing through an eclipse, due to the low
power generated by the solar panels (see [35, [41] [45] [64]). One could also consider a slightly different
setting where, in non-control regions, the control is an affine feedback of the state (and thus is not
necessarily constant). Again, this framework can be seen as a particular case of the present work and
will be developed in details in a forthcoming research work.

In the field of mathematical epidemiology, hybrid frameworks provide an accurate description of some
infectious diseases and their spread. We refer for instance to [47] where the authors take into account
that the contact rate between members of the population changes throughout each season, or to [16] in
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which the authors provide a version of the SIR model that takes into consideration different control
strategies (vaccination, isolation, culling, etc.). An interesting research perspective would be to consider
a time crisis problem (such as in [9, [10]) related to a COVID-19 model, in order to provide better
control strategies. To this aim, using the approach of optimal control problems with non-control regions
presented in [8] (which is a particular case of the present work) is privileged. Moreover, since time crisis
problems deal with Bolza costs with a discontinuous Lagrangian function, one can note that our main
result (Theorem tackles perfectly this discontinuity (see Remark .

In this work we have investigated the necessary optimality conditions for hybrid optimal control problems
with regionally switching parameter. However note that many other standard investigations from
optimal control theory can be developed for that framework. First, one may develop existence results,
by extending for example the classical Filippov theorem [36]. This would certainly require to introduce
adequate differential inclusions (see, e.g., [4]), in particular at the interfaces where the dynamics is not
defined. Sufficient optimality conditions could also be investigated, at least in the case of LQ-problems
(see related studies in [54, 53] [65] for switched systems). Also a complete extension of the Riccati theory
in the present hybrid setting with regionally switching parameter constitutes an attractive perspective
for future works (see [23] for a related study with sampled-data controls). Finally, from a numerical
point of view, another perspective could be the formulation of a multiple shooting method as in [42]
taking into account the averaged Hamiltonian gradient condition .

Application to an academic example

The objective of this section is to show that our work fills a gap in the literature. Precisely, based on the
necessary optimality conditions derived in Theorem [2.1] we solve a hybrid optimal control problem involving
a regionally switching parameter and we show (see Figure that the corresponding optimal cost is strictly
between, in one hand, the best cost that can be obtained when replacing the regionally switching parameter
by a classical permanent control and, in the other hand, the best cost that can be obtained when replacing
the regionally switching parameter by a classical constant parameter. The example studied in this section is
a simple academic example whose only purpose is to fulfill the objective of this section. The application of
Theorem 2.1 to concrete and sophisticated application models as evoked in Items (iii) and (iv) of Remark
in particular to optimal control problems with non-control regions (as specified in [§]), will be the focus of
our forthcoming research works.

3.1 Presentation of the example

Take T =8, n=d=m =1, zinix = —1 and the static partition R = X; U X5 U X35 where

1 1 1 1
Xl—{yeRy<—2}, XQ—{yeIR{|—2<y<4}, X3_{y€R|y>4}.

In this section we consider the hybrid optimal control problem with regionally switching parameter given by

minimize —x(8),
subject to (z,\,u) € AC([0,8],R) x PC([0, 8], R) x L>°([0, 8], R),
z(t) = h(x(t), A(t),u(t)), a.e.te€]0,8],
z(0) = -1, (Pex)
A is a regionally switching parameter associated with z,
At) e[-2,3], ae tel0,8],

u(t) € [-1,1], a.e.t€]0,8],
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where the (autonomous) hybrid dynamics h: R x R x R — R is given by

ulz—1)+ X if ze€ Xy,
h(z, A\ u) =< Az + tu if ze Xy,
ulz—1)+ X if ze€ Xz,
for all (z,\,u) € R x R x R. We refer to Figure [L1|for an illustration of the setting of Problem (P} in which
the objective is to maximize the final value x(8) starting from the initial condition zj,;; = —1. Then let us
recall that the Hamiltonian H : R x R x R x R — R associated with Problem (P is given by
plu(z—1)+ ) if ze Xy,
H(z,\u,p) =14 p(Az+ iu) if ze X,
plu(z — 1)+ A) if ze€ Xz,

for all (z, A\, u,p) ERxR xR xR.

o(t) = u(t)(x(t) — 1)+ A(t) X3
_i i(t) = A(t)z(t) + su(t) X, > 1
Tinit @ o(t) = u(t)(z(t) — 1)+ A(t) X,

Figure 11: Tllustration of the setting of Problem (P.)). Here the objective is to maximize the final value z(8)
starting from the initial condition iy = —1.

Since existence results are out of the scope of the present work (see Item (v) of Remark , we assume
here that has a solution (x, A, u) and we denote by T the corresponding partition. Our aim in the
next section is to identify such a triple thanks to the necessary optimality conditions stated in Theorem [21]
Therefore we assume furthermore that the regularity assumptions (A1), (A2) and (A3) are fulfilled. Finally,
to simplify the analysis and according to the nature of the objective of , we assume that z(8) > 1, that z
is increasing over [0, 8], with exactly two crossing times 0 < t§ < t§ < 8, and that

vt e (0,t5), (x(t),At)) € X1 x {\},
vt € (tivtg)a (I‘(t),)\(t)) € X2 X {>‘2}7
vt e (15,8), (x(t),A(t)) € X3 x {3},

for some A1, Ao, A3 € [—%, %}

3.2 Application of Theorem [2.1

Let us denote by p € PACT ([0, T],R) the adjoint vector provided in Theorem Our aim in this section is
to identify the triple (z, A, u) thanks to the necessary optimality conditions stated in Theorem To this
aim we reason backward in time.

Analysis over the interval (t5,8). Since z(t) € X3 over (£5, 8), the adjoint equation and the final condition
give

8) =1

)

{ B(t) = —u(®)p(t), ae. t € (t5,8),
(8 —
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which implies that p(t) > 0 over (t5, 8]. Since the averaged Hamiltonian gradient condition writes

8
/ p(s)ds € Ni_z 51(A3),

3

4
c
t2

we deduce that A3 = 2. Since p(t) > 0 over (t5, 8], one can easily derive from the Hamiltonian maximization
condition that

u(t) € argmax v(x(t) — 1),
ve[—1,1]

for almost every t € (15,8). Since z(8) > 1, x(t5) = 1 and z is increasing over [t5,8], there exists a

unique t* € (5, 8) such that z(t*) = 1 and we obtain that

| +1, ae.te(t%,8),
“ﬁ)"{ “1, ae t € (£5,17).

We deduce that
87t for all t € [t*, 8],
p(t) =

eSet=t" forall t € (15,t4],

Set=t" + 1 forallte [t*,g],

1
4
—Setamt + I for all t € [t5,t*].

and z(t) = {

Finally, from the continuity of x at t*, we get that t* = t§ + In(2).

+4c
Analysis over the interval (¢$,t5). The adjoint discontinuity condition at t§ writes p~ (t5) = p™(¢5) Eﬁ;, 82;

which implies, from Assumption (A3), that p~(¢5) > 0 and, from t* = ¢5 + In(2), that p~(¢5) = m?fiifa)
2

Since z(t) € Xo over (t5,t5), when adding the adjoint equation, we obtain that
p(t) = —A2p(t), ae. t e (15,t5),
_ _ 3e37t5
p=(t5) = Do+ (55)
which implies that p(¢) > 0 over (¢5,t5). The Hamiltonian maximization condition leads to

u(t) € argmax vp(t),
ve[—1,1]

and thus to u(t) = 1 for almost every ¢ € (¢5,t5). We deduce that

e L (era(t=t3) _ 1) 4 Lera(t=t3)  if N\, £ 0
8—t e + e , i #0,
p(t) 3 2=t and z(t) = A ( ) ‘ ’

22 +4 2 R if Ay =0,

for all ¢ € (t§,t5). Since z(t{) = —% and X € [-2, 3], we get that

Ao
im(ig) if Ay #£ 0,

, if Ay = 0.

15— 15 =

[\GI[9N)

c
368—t2

Since Sy

s

LI R T 1 A 1+ 22 3

o el ge= (14221 2 |- if Ay # 0
}Q: D 42" Y ( MY A S Ry wopaswillEe Rl
’U(/\Q) = !

g5 1 3
Zds=—— if Ay = 0.
L; > T1Y T e it do =0

> 0, the averaged Hamiltonian gradient condition is equivalent to v(Az) € Ni_z 3)(A2) where

_3
2

We find that:
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o if \o = 3, then v(Agy) ~ —1. < 0, while N;_3 37(A2) = R4, which 1s a contradiction.
if Ay = 3, then v(X 1.916 < 0, while N{_3 s)(A\2) = Ry, which i dicti
o if Ay = —3, then v(\2) ~ 0.072 > 0, while Ni_z 2(A2) = R_, which is a contradiction.

We deduce that Ay € (—32,2) and thus Ni_z 3j(A2) = {0}. Solving the equation v(Az) = 0 over (—32,2), we
find that Ay ~ —0.754.

+ (¢
Analysis over the interval (0,t5). The adjoint discontinuity condition at ¢{ writes p~ (t) = p* (tf)%
1

A
which implies, from Assumption (A3), that p~(t§) > 0 and, from t§ — t§ = /\% In( 11-:\72 ), one can obtain
8
that p~(t§) = # Since z(t) € X1 over (0,t$), when adding the adjoint equation, we obtain that

8(A1 ——u (t$)) "

c\ __ 3e8 %2
) = so-ge @y

B(t) = —u(t)p(t), ae.t € (0,15),
D

Following similar arguments as in the analysis over the interval (¢5, 8), one can prove that A; = % and u(t) = —1
for almost every t € (0,t5).

Conclusion. From the above analysis we obtain that

,%e*tJr%, for all ¢ € [0, ¢5],

o(t) = 35 (A2 = et 1), for all ¢ € [t5, 5],

T —Getmt) 4 T for all ¢ € [t5,t*],

+3et=t" 4 1 for all t € [t*, 8],

and

. —1, for a.e.t € (0,t5),
;. foraete (OC, tlc)’ 41, forae te (tf,;g),
A(t) = A2, forae. te(t],t5), U =9 "1 forae e (t5, %)
%, for a.e. t € (15, 8), _|_1’ for ae. & € (t*,S).’

A
with Ag o~ —0.754, #f = In(§) =~ 0.2, t§ = #{ + 3= hﬁii) ~ 1.57 and t* = t§ + In(2) ~ 2.26.

3.3 Comparisons with standard settings found in the literature

Our objective in this section is to emphasize that our work fills a gap in the literature. To this aim we
will show on the present academic example that the optimal trajectory & computed in the previous section
(associated with a regionally switching parameter )\) is exactly between the optimal trajectory = when ) is
considered as a classical permanent control (that is, when A € L°°(]0, 8],R)), and the optimal trajectory &
when A is considered as a classical constant parameter (that is, when A € R). Precisely:

e First, let us consider the case where A € L>°([0, 8], R) is a classical permanent control in Problem
(and not a regionally switching parameter that has to remain constant in each region) constrained to
be with values in [—%, %] By developing a similar analysis to the previous section, but by using a
Hamiltonian maximization condition to determine the values A(t) over the whole interval [0, T, we get
that the optimal triple (z, AT, u') is given by

Sty for all ¢ € [0, (5)1],
5 e 300D p 1 forall ¢t € [(#5)1, (¢9)1],
o) = 250D 2 gorall £ € [(#)T, (15)1],
“Bem (=09 4 T for all t € [(t5)T, (£3)1],
43et=) 4 1 for all ¢ € [(3)1,8],
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and

+3, for ae. t € (0, (), —1, for ae. t e (0,(t5))
=3 forae. tec (), (D)D), ’ N s
. 2 O ey, ot +1, for ae. t € (), (85)"),
A(t) =19 +3, forae te ()T, (t5)7), u'(t)= —1, forae. te ((t5)7,(t5)")
—3, forae te((t5) ), 1 forae. te ((t*)*,8)- |
3 foracic () ) | o
T

reader.

e Second, let us consider the case where A € R is a classical constant parameter in Problem (P (that

cannot switch at boundary crossings) constrained to belong to [f%, 3

1. By developing a similar analysis

to the previous section, but by using the averaged Hamiltonian gradient condition given in Item (ix) of

Remark we get that the optimal triple (&, A, @) is given by

—et + z for all t € [0, ],
a(t) = +Zedlt-1) — 2, for all ¢ € [£5,15],
—%e’(t*t:g) + 1 for all t € [£5, 3],
—3e=(t=t) 1+ 7/4,  forall t € [t3,8],

and

—1, for a.e. t € (0,t9)

(
+1, forae. t e (1,
(

>
y —O

[ VLol

—1, for a.e.t e (t5,
+1, for a.e. t € (t*,8).

),
)

i

+,

with £$ = 1§ ~ 0.2, £§ ~ 2.47, and t* = 3.16. The detailed computations are left to the reader.

We refer to Figure for the plots of the three trajectories ', x and Z. As expected, the trajectory z'
(associated with a classical permanent control) provides a better cost than the trajectory z (associated with a
regionally switching parameter) which provides a better cost than the trajectory & (associated with a classical

constant parameter). This figure emphasizes that the present work allows to fill a gap in the literature.

R z!

A

=

7 B
Tinit ‘/

Figure 12: Trajectories 21, z and & (zoom on the time interval [0, I]).

N[

4 Preliminaries: sensitivity analysis in the non-hybrid context

As explained in the overview of the proof of Theorem developed in Section [2:4] for the needs of the
sensitivity analysis in the hybrid context performed in the next Section [f] we need to provide a complete
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sensitivity analysis of a general non-hybrid parameterized control system with respect to perturbations of the
parameter, the control, the initial time and the initial condition. This is precisely the aim of the present
section. We will work on the time interval [0, T]. Nevertheless our results can be trivially extended to any
compact time interval [a,b] with a < b. In fact note that we will use these results in the next Section [5{on
compact subintervals of [0, T].

Let g : R® x R?xR™ x [0, T] — R™ be a general (non-hybrid) dynamics of class C'. For any quadruplet § =
(A u,7,y,) € RE x L°([0,T],R™) x [0,T] x R™, the Cauchy-Lipschitz theorem ensures the existence and the
uniqueness of the maximal solution to the Cauchy problem

{ y(t) = g(y(t)a /\,'U,(t),t), a.e. t € [OaT]a
y(r) = yr.

This maximal solution is denoted by y(-, g,0) and is defined over the maximal interval denoted by I(g,6) C
[0,7]. Recall that the blow-up theorem ensures that, either I(g,0) = [0,7] (in that case we speak of a
global solution), either y(-, g, #) is unbounded over I(g,6). In the sequel we denote by Glob(g) the set of all
quadruplets 6 such that I(g,6) = [0,T].

For the technical needs of this section, for any quadruplet 6 = (A, u,7,y,) € Glob(g) and any R > |lul|Le,
we denote by M(g,0, R) > 0 a common bound of ||g||g, [|Vagllrrxn, [|[Vagllgnxe and ||V, g|/gnxm over the
compact set

K(g,0,R) == {(ac,,u,ut) R xR x R™ x [0,7] | |z — y(t, 9,0)|[x» <1, |t — Allga < 1, [[0]lpm < R}.

Note that (y(t,g,6), A\, u(t),t) € K(g,6, R) for almost every ¢ € [0,T]. Since K (g, 6, R) is convex with respect
to its first three components, one can easily get that

9(y2; b2, v, ) — g(y1, o1, v1, ) [Rn < M(g,0, R)(ly2 — y1llre + (|2 — pallre + [Jve — vilrm),

for all (y27 M2, V2, t)? (yla M1, 01, t) € K(ga 05 R)
We are now in a position to state and prove the next continuous dependence result for the trajectory y(-, g, 6)
with respect to the quadruplet 6.

Lemma 4.1. For any quadruplet 6 = (A, u,r,y,) € Glob(g) and any R > |lul|Le, there exists & > 0 such
that the neighborhood of 6 given by

N(g,0, R, ) := Bra(\, ) x (ELI (u,€) N ELW(OLW,R)) x ([7‘ —er+eno, T]) » Ban (yr, &),

is included in Glob(g). Furthermore, for all quadruplets ¢ = (N, u/,r",y.) € N(g,0,R,¢), it holds
that (y(t,g,0"), N,/ (t),t) € K(g,0, R) for almost every ¢ € [0,T]. Finally the map

F: N(g,0,Re) — C([0,T],R")
v — y('vgvgl)v

is Lipschitz continuous, in the sense that there exists L(g, 0, R) > 0 such that
(. 9.0") = y(-9,0)llc < L(g, 0, R)(IN" = Nllga + lu” = /[l + 17" = '] + ||y — yrllen),
for all 0, = (>\/? u/?lr/’y;')’ 0” = (>\//7u//771//7y/:"/) e N(g707R7 E)'

Proof. Let 6 = (\,u,r,y,) € Glob(g) and R > ||u|lL~. In this proof, for the ease of notations, we denote
by M := M(g,0, R). Let us fix £ > 0 such that e(1+ M (2+T))eM? < 1 and let us prove that N'(g,0, R, &) C
Glob(g). To this aim let 8 = (N, u',7’,y..) € N(g,6, R,e) and introduce the sets

I = {t € 1(979/) N [077’/] | ||y(t,g,9l) - y(tvg>0)||R” > 1}
and Iy :={t € I(g,0') N[, T | |y(t. 9,0") — y(t, 9,0)|[r~ > 1}.
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If 7y UZy = 0, then the solution y(-, g,0") is bounded over I(g,0’), and thus ¢’ € Glob(g) from the blow-up
theorem. Therefore, by contradiction, let us assume that Z; UZy # (0. In the sequel we only deal with the
case Tp # ) (the case where Zo = (), and thus Z; # (), is similar). From integral representations it holds that

y(t,g,@l) - y(tagvg) = (y;« - yr) +/ g(y(sagaa/)a )‘/’u/(s)as) - g(y(s,g,@),)\,u(s),s) ds

r’
’

_/T g(y(s,9,0), A, u(s),s)ds,

for all t € I(g,0"). Now let ty := inf Z, > /. From continuity and definition of t5 we know that ||y(t2,g,6") —
y(t2,9,0)|lg» > 1 and thus r’ < t5 since

’

/ " 9(u(s,9.0), A u(s), ) s

<y = yrllen + Mr' —7| <e(1+ M) < 1.

ly(r",9,0") = y(r', g, 0)|[r~ < Iy} = yrllrr +

From definition of ¢t; we deduce that ||y(¢t,g,0") — y(t,9,0)||grr < 1 for all t € [r/,¢3]. Therefore, since
moreover || — A||ge <& <1 and ||v/||n~ < R, we deduce that (y(t, g,60"), N, u'(¢),t) € K(g,6, R) for almost
every t € [r/,ta]. Hence, from integral representations, we get that

||y(t7 9, 9/) - y(ta g, 9) ||R"

t
RnJrMIT’*THM/ ly(s,9,0') = y(s,9,0)lmn + [N = Allpa + [|u'(s) = u(s)[em ds

< llyr = wrl
t

<y = yellen + Mr' —r| + M/ ly(s,9,0') = y(s,9,0)mn ds + MTIX = Al|ga + M|Ju" — w1,
,r./

for all t € [r,t5]. From the Gronwall lemma we obtain that

g+ M — 7|+ MT||N = N|ge + M||u’ — ul|p)eMT
<e(l+ME2+T))eMT <1,

||y(t,g,9/) - y(tag79)| Rr < (Hyvlﬂ - yr‘

for all t € [r/,t5], which raises a contradiction at ¢ = t3. Thus we have proved that Z; UZ, = @ which
gives 0’ € Glob(g) but also (y(t,g,0"), N, u/(t),t) € K(g,0, R) for almost every ¢ € [0,T]. Hence the proofs of
the first two parts of Lemmaare complete. Now let us prove the last part. To this aim let 8" = (N, u/, 7, y.),
0" = (N, u",r" y!) € N(g,0, R,e). From integral representations it holds that

t
y(tv 9, 0”) - y(t7gv 9/) = (y;{ - y;«) + / g(y(sv 9, 0//)’ )‘”7 u”(s), S) - g(y(svgv 0/)7 >‘/7 ul(s)a S) ds

o

—/ 9(y(s,9,0"), N, u'(s),s) ds,

for all ¢ € [0, T]. Using similar arguments than before (in particular using the Gronwall lemma), we get that
ly(t, 9,0") = y(t, 9,0 [+ < (lyer = yorllre + Mr" = o'| + MTIN" = Nlpa + M]|u" = u'[|L0)e™T,
for all ¢ € [0, 7], which concludes the proof of the last part of Lemma O

In the next proposition we state a differentiability result for the trajectory y(-,g,0) with respect to
perturbations of the quadruplet 8 € Glob(g). As explained in the overview of the proof of Theorem
developed in Section [2.4] this proposition will be useful in the next Section[5]to construct perturbed trajectories
of the hybrid control system which visit exactly (and in the same order) the same regions than a given
nominal trajectory.
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Proposition 4.1. Consider the perturbation of a quadruplet § = (A, u,r,y,) € Glob(g) given by é(a) =
(Ma),a(@), 7(a), gr(a)) for all a € [0,1] where:

e \:[0,1] — R? satisfies A(0) = X and is differentiable at 0 with derivative denoted by A’ (0).

e cither @ : [0,1] — L°([0,T],R™) is given by u(«) := u for all & € [0,1] (no perturbation of the control),
either @ : [0,1] — L°([0, T],R™) is the needle-like perturbation of u given by

wa0={ "y el ) (@

for almost every ¢ € [0,T] and all « € [0, 1], where v € R™ and 7 € (0,T] is a Lebesgue point of the
map g(y(- g,0), A\, u(-), ).

e cither 7: [0,1] — [0, 7] is constantly equal to r (no perturbation of the initial time), either 7 : [0,1] —
[0, T satisfies 7(0) = r and is differentiable at 0 with derivative denoted by 7#'(0) (in that second context,
assume that r € [0,T) is a Lebesgue point of the map g(y(-, g,0), A, u(-),-) and, in case of needle-like
perturbation of the control, assume furthermore that r # 7).

e ¢, :[0,1] — R"™ satisfies §,(0) = y, and is differentiable at 0 with derivative denoted by ¢..(0).
Then:

(i) There exists 0 < @ < 1 such that f(a) € Glob(g) for all a € [0,@].

(ii) The perturbed trajectory y(+, g,0(«)) uniformly converges to y(-, g,6) over [0,T] when a — 0.

(iii) The map
P: [0,a] — C([,T],R")
a = y(,g,0(x)),
with ¢ := 7 in case of needle-like perturbation of the control and ¢ := 0 otherwise, is differentiable at
0 and its derivative is equal to w5 + wg + Wz 4,), Where ws, wg and ws ;) are the three variation
vectors respectively defined as the unique maximal solutions (which are global) to the three linearized
Cauchy problems given by

{ W(t) = Vag(y(t, g,0), \ult), t)w(t) + Vag(y(t, g,0), A\, u(t), t) N (0), a.e. t €[0,T],
’U)(T) = O]Rn,

{ W(t) = Vgt 9,0), A (), (), ae. t€0,T],
U)(T) = g(y(Ta 9, 0)3 /\7 v, 7_) - g(y(Ta 9, 0)3 )‘7 U(T)a T)a

{ W(t) = Vag(y(t, g.0), \ u(t), w(t), a.e. t € 0,7,
w(r) = g:" (O) - f’(O)g(y('r? g, 9)7 /\7 U(T)7 7‘).

(iv) If furthermore the three functions \, g, and 7 are assumed to be continuous over [0,1], then the

map (a,t) € [0,@] x [0,T] — y(t,g,0(a)) € R™ is continuous.

Proof. This proof is dedicated to the case of a needle-like perturbation of the control and of a perturbation of
the initial time (the other cases are similar and simpler). Let R > ||ullpo +||v||r=. As in the proof of Lemma[d.1]
we denote by M := M (g,0, R). Consider € > 0 provided in Lemma It is clear that é(a) € N(g,0, R, ¢) for
sufficiently small o > 0. As a consequence, from Lemma there exists 0 < @ < 1 such that f(a) € Glob(g)
for all & € [0,@] which concludes the proof of the first item. The second and fourth items are trivial
consequences of the Lipschitz continuity provided in Lemma Now our aim is to prove the third item. To
this aim let us introduce

y(tug’ 9(&)) — y(t’ 9, 9) _

X (t) =
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for all t € [0,T] and all @ € (0,&. Our aim is to prove that x* uniformly converges to zero over [, T
when o — 0. To this aim we write x* = x{ + x§ + x§ where

y*(t) — yg(t ys (t) —y(t g (t) — ys'(t

ye(t) yl()_wxw Xa(t)::yg() y(t) yr(t) — 95 (t)

2 —wi(t), Xx3(t) = =" — Wiy (t),

Tt) =
X7 (t) o a «

for all t € [0,T] and all « € (0, @], where we use the notations

§o(t) = y(t,g,0(a)), F3(t) :=y(t.g,01(a)), F5(t) :=y(t,g,02(c)), y(t):=yl(t,g.0),
and
01(a) := (N, @(a), 7 (), () € N(g,0,R,e) and Ba(a) := (N, a(a),r,y,) € N(g,0,R,¢),
for all t € [0,7T] and all & € [0,@]. From Lemma for almost every t € [0,T] and all « € [0, @], the five
elements
(y(®), A u(t), 1), (F(1), Ma), u(@)(t), 1), (G (1), A w(@)(t), 1), @), a()(t),t), (@), ala)t),t),

belong to K(g,0, R), but also their convex combinations. Also note that g%, §¢ and g§ uniformly converge
to y over [0,7] when o — 0 from the Lipschitz continuity provided in Lemma

In what follows, as in the proof of Lemma [4.1] we will use integral representations and the Gronwall
lemma to prove that x%, x5 and x§ uniformly converge to zero over [r,T] when o — 0. To reduce the
notation in integrands, we will use the notation p(-) := (y(-, g, 8), A\, u(-), ).

Step 1: Let us prove that x¢ uniformly converges to zero over [0,7] when @ — 0. From integral
representations it holds that

X1 () =x7(r) +

/t g(ga(s)’ 5\(0{),’[&(0[)(8), S) — g(ga(8)7 )\7,&’(&)(8)7 S) . V)\g(p(s))j\/(()) ds
A

+/t 9(g*(s), A, ua)(s), s) — g(g7 (s), A, u(a)(s), s)

(07

= Vag(p(s))ws(s) ds,
for all t € [0,7] and all « € (0,@]. Using Taylor expansions with integral rest, we obtain that

AMa) — A

T 1
IOl < Int @l + [ [ [F207(9. 0+ 03(@) = 0. i), - X(0)

dnds

R?LXd

Fl(a)

+ ' / [0 6.3+ 1(3(@) = A )9, 5) — Tgloo)), KOl dnds

Rnxd

FQ(O()

y(s) — 97 ()

t 1
| [ 19aat06) 4 0% () = 576D A ) ).l | D )| s

o 0 2
+ / / IV2g(G2(5) + 0(F(5) — F2(5))s M, 5(0)(5), 8) — Vag(p(5) o [105(5) e d s,
0 0

I's(a)

for all t € [0,T] and all « € (0,@]. The Gronwall lemma leads to
IxE Ol < (IXE0) e +1(0) + o) + a(a) )M,

for all t € [0,T] and all a € (0,@]. From the differentiability of A(-) at 0, the boundedness of ||V g||gnx»
and ||Vag|lgnxa over K(g, 6, R), the uniform convergences of §* and g to y over [0, 7] when o — 0 and from
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the dominated convergence theorem, we prove that I'1 (), I's(«) and T's(«) converge to zero when o — 0. It
remains to prove that || x{(r)|g» converges to zero when o — 0. From integral representations it holds that

o) = = / C g5 (s), M), @) (s), 8) — g(§5(5). A i) (s), 8) s,
& Ji(a)

for all a € (0,@], and, using similar arguments than before, we obtain that

[ 15 (5) = 7 (8)lln + [A(cr) = M|ga ds

(@)

M
<& n < —
Il < =

<y T =7

(15% = g7 llc + IA(@) = Allga),

for all @ € (0,a@], which concludes the proof of Step 1 from the differentiability of 7(-) and the continuity
of A\(+) at 0 and from the uniform convergences of § and §¢ to y over [0,T] when o — 0. The proof of Step 1
is complete.

Step 2: Let us prove that x§ uniformly converges to zero over [r,T] when @ — 0. From integral
representations it holds that

! g(gg(s)v )‘7 U(S), 5) — g(y(s), /\’ ’LL(S), 5)

X (1) = X§(r) + / — Vag(p(s)wa(s) ds,

T

for all t € [r,T] and all « € (0,@]. Using a Taylor expansion with integral rest, we obtain that

x5 () llrr < X5 (7) |

t ol 75 (s) —y(s
s [ 10t 59— s A u(5) ) e | B )| anas
x5 (s) R
T 1
[ [ I atos) 4 0035 (9 = 0(5): A (5).5) = Vo)) o ()] s,

F4(Ot)
for all t € [7,T] and all « € (0,@]. The Gronwall lemma leads to
X8 @)l < (X3 (7)llre +Ta()) e,

for all t € [7,T] and all & € (0,@]. From the uniform convergence of g§ to y over [0, 7] when o — 0 and from
the dominated convergence theorem, we prove that I'y(«) converges to zero when az — 0. It remains to prove
that | x9(7)|lr» converges to zero when o — 0. From integral representations it holds that

a(T):/‘: g(gg(s),)\,v,s)—g(y(s),)\,v,s) ds+/i g(y(s),)‘7v73)_g(y(s)a)‘vu(s)vs)

ds — wg (7).
% - 5 s —wi(7)

for all & € (0,@]. From the uniform convergence of §$ to y over [0,7] when oo — 0, one can easily prove that
the first term tends to Og» when o — 0. Finally, since 7 is a Lebesgue point of the map g(y(-), A, u(-),-) and
from the value of wg(7), the second term tends to Og» when o — 0. The proof of Step 2 is complete.

Step 3: Let us prove that x§ uniformly converges to zero over [0,7] when a@ — 0. From integral
representations it holds that

a(r) + /t g(gla(s)v >‘a 11(04)(8), S) — g(@%(‘S)v )‘7 ﬂ(a)(s)a S)

X5 (1) = x5 — Vag(p(s))wir, ) (s) ds,
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for all t € [0,T] and all @ € (0,@]. Using a Taylor expansion with integral rest, we obtain that

x5 O)llrn < Ix5 (r) |z

[ 1906+ 0038 6) = 356D A, e | T )| ans
x5 (s) Rn
T 1
+-Jﬁ }Q V055 (5) + 0@ () — G2(5)), A 5(@)(8), 8) — Vg (0(5)) e 1057 () s,

Fs(a)
for all t € [0,7] and all « € (0,@]. The Gronwall lemma leads to

IS Ol < (x5 ()l + Ts(a)) ™7,

for all t € [0, 7] and all & € (0,@]. From the uniform convergences of ¢ and g to y over [0,7] when o — 0
and from the dominated convergence theorem, we prove that I's(a) converges to zero when o — 0. It remains
to prove that || x5 (r)||g» converges to zero when o — 0. From integral representations it holds that

ﬁw=(@@‘%—m@)+6mmwmxmmm+1/TMW@Ammwma@®>

« « (a)

for all @ € (0,@]. From differentiability of ¢,(-) at 0, the first term converges to Og» when o — 0. Since r # 7
and from the continuity of 7(-) at 0, we know that the second term can be rewritten as

memmxmmﬂ+l/rﬂM%%M%@%fl/TMM%NM%$*%W@JWM@%$M

@ Ji(a) @ Ji()

for sufficiently small o > 0. Since r is a Lebesgue point of the map g(y(-, g,0), A, u(:), ) and from the
differentiability of 7#(-) at 0, the sum of the two first terms in the above equation converges to Og» when o — 0.
Finally the norm of the last term in the above equation can be bounded by

l[TM@®Jm®ﬁ%w@ﬂﬂﬂ®w®ﬁmw®

@ (o)

< 80 MO0 hy = e+ 1 - S e

which tends to zero when a — 0, thanks to the differentiability of 7(-) at 0, to the continuity of A(c) at 0
and from the uniform convergence of ¢ to y over [0, 7] when o — 0. The proof of Step 3 is complete. This
completes the proof of Proposition [£.1] O

5 Preliminaries: sensitivity analysis in the hybrid context

As explained in the overview of the proof of Theorem [2.1] developed in Section [2:4] a sensitivity analysis of
the hybrid control system has to be performed to construct perturbed trajectories which visit exactly
(and in the same order) the same regions than a given nominal trajectory. This is exactly the aim of the
present section. To this aim we will use the results stated in the previous Section [d but we will also invoke
at several occasions the following conic implicit function theorem to prove the existence of perturbed crossing
times (see Section for more details).

Lemma 5.1 (A conic implicit function theorem). Let @ > 0, t¢ € (0,7") and ¢ > 0. Consider a continuous
map

G: [0,a] x[t°—0,t°+6] —

—

R
(o, t) G(a,1),
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satisfying G(0,°) = 0, such that V,G(0,1°) exists and such that V;G exists and is continuous over [0, @] x [t —
6,1+ 6] with V;G(0,t°) # 0. Then there exist 0 < # < @ and an implicit function t € C([0, B, [t¢ — 6, t° +6]),
satisfying £(0) = t¢ and G(a,t(a))) = 0 for all a € [0, 3], that is differentiable at 0 with derivative ¢ (0) =
V.60,

V:G(0,t¢)

Proof. Consider the extension Gy : [—a, @] x [t° — §,t¢ 4+ §] — R defined by

_ c c | G(a,t) if ael0,q,
Y(eot) € [-aal x [t = 0,47+ 0], Golat) == { 2G(0,1) — G(~avt) if € [-a,0).
From the assumptions of Lemma 5.1} one can easily derive that Go(0,t¢) = 0, V4Go(0,t¢) exists and V,Gy
exists and is continuous over [—@, @] x [t¢ — §,t° + §] with V;Gy(0,t°) # 0. Using a classical version of
the implicit function theorem (see [48, Theorem 9.3] and [43, Theorem E|), there exist 0 < 8 < @ and an
implicit function ¢ € C([—8, B], [t© — §,t° + 4]), satisfying £(0) = t¢ and Gy(a, t(a)) = 0 for all a € [-3, ],

differentiable at 0 with derivative #(0) = —%. To conclude the proof, one has just to consider
the restriction of the function £ to the interval [0, 3] and to use the facts that V,Gy(0,t°) = V,G(0,°)
and Vtgo((),tc) = Vtg((),tc) ]

5.1 A regular solution to (CS) and auxiliary non-hybrid trajectories

Throughout Section [5| we fix (2, \,u) € AC([0,T],R™) x PC([0,T],R%) x L>([0,T],R™) being a regular
solution to and we will use the notations introduced in Definitions and For all k € {1,..., N},
we introduce, following the notations from Section |4 the auziliary non-hybrid trajectory zy := y(-, fx, k)
associated with the quadruplet 6y := (Ag, U, t5_,, z(t5_,)), where the auziliary control @) € L°>°([0,T],R™)
is defined by

ut(t8 ), for a.e. t € (t§,t5_,),
g (t) = ¢ u(t), for a.e. t € (t5,_,,t5),
u(t5), for a.e. t € (t5,t%).

We refer to Figure |§| in Section Note that Z;, = z over [tf_,,t¢] for all k € {1,..., N} (see Figure
in Section [2.4)). As a consequence, from Cauchy-Lipschitz theorem and up to reducing § > 0 provided
in Deﬁniti we will consider in the sequel that [t§_; — 6,t7 + 0] N [0,T] C I(fx,0k) for all k €
{1,..,N}. Furthermore, up to reducing § > 0 again, we will consider that Z(t) € Bgrn(z(t{_;), %) for
allt € [t§_, —6,t5_, + 6] and all k € {2,..., N}, and that Z;(¢) € Brn(x(t5),%) for all ¢ € [t{ — 6,tF + 4]
and all k€ {1,...,N —1}.

Furthermore, from (A1) and for any k € {1,..., N—1}, note that @ is continuous over [t{,—d, 7] and thus Zj
is of class C! over [t{ — 6,5 + 6] with 2,(t) = fi(Zk(t), Mg, Uk (t), t) for all t € [t{ — 6,5 + &]. In particular ¢
is a Lebesgue point of the map fi(Zx(+), Ak, Uk (-), ) and it holds that 2 (t5) = (fx)~ (¢%). Similarly, from (A1)
and for any k € {1,...,N — 1}, note that 1 is continuous over [0, + §] and thus Z41 is of class C!
over [t} — 0,1 + 8] with 2511(t) = frt1(Zes1 (), Aeg1, Gy (£), t) for all ¢ € [tf — 0,t7 + 6]. In particular ¢f is
a Lebesgue point of the map fr41(Zk+1(+); Met1, Ukt1(+),-) and it holds that 2,41 (¢5) = (fr1) T (25)-

5.2 Convex perturbation of the regionally switching parameter

Consider the framework of Section [5.1] This entire Section [5.2]is dedicated to the proof of the next proposition
which states a differentiability result at time ¢ = T for the trajectory x with respect to a convex perturbation
of the regionally switching parameter .

Proposition 5.1. Consider the framework of Section Let k € {1,..,N} and let A\, € R?. Then
there exists 0 < @ < 1 such that, for all & € (0,@], there exists a perturbed solution (z, A% u®) €
AC([0, T],R™) x PC([0,T],R%) x L>=([0,T],R™) to (CS) such that:

(i) The corresponding perturbed partition of [0,7], denoted by {4(c)}=o, . n(a), satisfies N(a) = N,
with t,(a) = tg for all g € {1,...,k — 1}, and ty() tends to to when a — 0 for all ¢ € {k,..., N —1}.
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(ii) The perturbed trajectory z® follows the same regions than x, that is, z® satisfies
z(t) € E,(t) for all t € (f,-1(a),t,(a)) and all ¢ € {1,..., N},

with z%(0) = zint € F1(0) and 2*(T) € Ex(T). Moreover z* uniformly converges to z over [0, 7]
when a — 0.

(iii) The perturbed regionally switching parameter A® is given by the convex perturbation

A (t) = { A +a(A, —Ap) forae. te (t:k—1(04),7§k(oz)),
Aq for a.e. t € (t,—1(a),t,(e)) and all ¢ € {1,..., N}\{k}.

(iv) The perturbed control u® is given by
u®(t) = iy (t) for a.e. t € (t,—1(a),t4()) and all ¢ € {1,..., N},
where %, stands for the auxiliary control defined in Section forall g € {1,...,N}.

(v) The limit
lim rA)zmRs) (T) — 2(T) =w(T),
a—0 6

holds true, where

q—1>"q

(1) = wy(t) forallt e [ti_q,t°) and all ¢ € {k,..., N — 1},
WEZ wn(t) for all £ € [t5,_y, 1%,],

where wy, is the variation vector defined as the unique maximal solution (which is global) to the
linearized Cauchy problem given by

W(t) = Vafi(Gr(t), M, @ (t), )w(t) + Vafu(Ze(t), A, e (£), £) (A — Ar),
a.e. t €[t_; —d,t,+0]N[0,T7],
w(ti_ﬂ = Ogn,

and w, is the variation vector defined by induction as the unique maximal solution (which is global) to
the linearized Cauchy problem given by

{ W(t) = VafolZo(t), Ay g (B), hw(t), ace. t € [ty — 8, +06] N[0, T],
w(tg_q) = we—1(tg_1) + &1,

for all ¢ € {k+1,..., N}, where & € R" stands for the jump vector defined by

(Vo Fy (2(tg) tg), wq(tg))rn
(Vo Fq(2(19): 19); (fo) = (t9))mn + Ve Fy (2(19), 1)

for all g € {k,..., N — 1}.

S 1= ((fo+) ™ (t5) = (fo) ™ (),

(vi) The limit
tq(a) — ¢ (Vo Fy(w(t5), 1), wq (1) )rn

lim =

am0 o« (VaFy(2(t9), 1), (f)~ (8))an + ViFy((t;), 1)’
holds true for all ¢ € {k,..., N —1}.
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5.2.1 Construction of perturbed auxiliary non-hybrid trajectories

Lemma 5.2 (Construction of perturbed auxiliary non-hybrid trajectories). Consider the frameworks of
Section and Proposition Let k € {1,...,N} and let \;, € R%. Then there exists 0 < @ < 1 and, for
alldq € {k,...., N — 1}, there exists a function ¢, € C([0,a], [t; — 4, £ 4 4]) differentiable at 0 with 7,(0) = ¢¢
an
7 <erq(x(t2)vt2)vwq(tZ»R"
(Vo Fy (i) ). () () + VeFy(w(ts) 1)

q(o) = -

such that the perturbed auxiliary non-hybrid trajectories z := y(, fqs 9(‘;) associated with the perturbed
quadruplets 0¢" defined by the induction

q - n

0o .— { (Mg —|: a(xk - /\k27 ak,ézfl,x(tzil)) %f q=F,
()\qvu(I’tQ*l(a)V Z?—l(tQ*l(a))) if qe {k + 17 e N}a

for all « € [0,@] and all ¢ € {k,..., N}, satisfy:

e for all ¢ € {k,..., N}, it holds that [t;_; — d,t; + 0] N[0, T] C I(f,,05) for all a € [0,a], that Z
uniformly converges to Z, over [t;_; —d,tg + ] N [0,7] when o — 0, and

L) — 5 ()

_ c
a—0 a - wQ(tq)'

o for all ¢ € {k,...,N — 1}, it holds that ZX(t) € Bgn(x(t5),v) for all (a,t) € [0,a] x [t& — 6,15 + 4],
that Fy (28 (tq(a)),tq(a)) = 0 for all o € [0,@], and that the map a € [0,a] — Z(f,(a)) € R™ is
continuous over [0, @] and differentiable at 0 with

lim Zg(gq(a)) - fq(’fé)

a—0 «

= wq(tq) + 1(0)(fq) ™ (t5)-

Proof. Let us fix k € {1,...,N} and )\, € R%. The case k = N follows directly from Proposition In the
sequel we deal with the case k € {1,..., N — 1} and we will proceed by induction over ¢ € {k,..., N}. Note
that we will construct 0 < @ < 1 in the base case and that it will be reduced a finite number of times at each
step of the induction.

Base case ¢ = k. We deduce from Proposition [4.1] that there exists 0 < @ < 1 such that [t{_, — 6,25 + ] N
[0,T] C I(fx,0f) for all @ € [0, @], that 27 uniformly converges to 2 over [t _, — 9,15 +6]N[0,T] when o« — 0
(as illustrated in Figure @(a) in Section , and that the map

(a,t) € [0,a] x ([tS_y — 6,48+ 6] N [0, T]) — 22(1) € R™, (5.1)

is continuous. Since moreover Z(t) € Bgn(2(t5), %) for all ¢ € [t — 6, + 6], up to reducing @ > 0, we
have zZ(t) € Bgn (x(t$),v) for all (a,t) € [0,a@] x [t{ — 6,15 + §]. We are now in a position to define the map

Gr: [0,@ x[t; -6t +6 — R
(a,t) = Fp(z(0),1),

where Fy, : Brn (z(t$),v) x [t§ — §,t¢ + 8] — R is the C! function provided in Definition

Let us check that Gy, satisfies all the assumptions of the conic implicit function theorem (Lemma [5.1)).
First, G} is continuous from the continuity of the map and G (0,t5) = Fi(x(t}),t5) = 0. Second, for
any o € [0, @], since 4y, is continuous over [t — 6,5 + 0] (see Figure |§| in Section , we know that Z¥ is of
class C! over [t{ — 6,t¢ + 4]. This implies that VG (a,t) exists with

ViGr(a,t) = (Vo Fiu(Z2(8), 1), fr(Ze (8), Ao + (A — An), (1), 1)) re + Ve Fi (25 (1), 1),

for all (o, t) € [0, @] x [t§, — 6, t§, +6]. Furthermore, from the continuity of the map (5.1)), one can see that V,Gj,
is continuous over [0, @] X [tf — J,tf, + 0] and, from (\A3), it holds that

ViGr(0, 1) = (VaFr(x(t5), t7), (fr) ™ (80)rn + Ve Fi(2(t7), t;) # 0.
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Finally, from the third item of Proposition we get that

lim Eg(ti) — Zk(ti)
a—0 [e%
which implies that V,Gj(0,t5) exists with VoG (0,t5) = (Vo Fi(x(t5), t5), wi (t5))rn -
We deduce from the conic implicit function theorem (Lemma that, up to reducing @ > 0 (pre-
cisely, by taking @ = f3), there exists a function #,, € C([0,al, [t — §,t + 6]), such that #(0) = ¢
and F, (22 (r(a)), () = 0 for all a € [0,a] (see Figure El(a) in Section , that is differentiable at 0 with

(Vo B (), 1), wi (t) e
(VaFi(z(t5), t7), (fi) ~ (t)rn + Ve (2(85), £7)
From the continuities of the function #; and of the map (5.1)), we deduce that the map a € [0, @] — 22 (tx () €
R™ is continuous over [0, @]. It remains to prove that
L SR (ele) ~ 5 (15)
a—0 [e%

= wi(t5),

7(0) = -

= wi(t7) + 1 (0) (1)~ (0)-

To this aim, using integral representations, one can write

= + —
o o' e tr(a) —t§

Zp(te(e) — Zu(ty)  Zp(t5) — Zn(t) | t(e) —tf 1 /tk(a) Fi(Zu(8), A @i (5), 5) ds

t
1 [ie(e) _
+ */ fk(Z,‘:(s), /\k + oz(/\k — )\k),ﬂk(s),s) — fk(ék(s),Ak,ﬂk(s),S) dS,

for all @ € (0,@]. We already proved that the first term tends to wy(tf) when oo — 0. Since ¢ is a
Lebesgue point of the map fi(Zx(-), Ak, @x (), -) and since #;, is differentiable at 0, the second term tends
to £,.(0)(fr)~(t5), finally the third term tends to zero when a — 0, since Z uniformly converges to Zj
over [t{ —6,t¢ + 6], fx is of class C! and t), is differentiable at 0. Hence the proof for the base case is complete.

Inductive step. Let ¢ € {k +1,..., N} and assume that the induction hypothesis holds true for all ¢ €
{k,...,q — 1}. The case ¢ = N follows directly from Proposition and from the induction hypothesis (in
particular from the differentiabilities at 0 of the function 5 _; and of the map a € [0,a] — 2%, (En_1(a)) €
R™). Therefore, in the sequel, we deal with the case ¢ € {k +1,..., N — 1} and we will proceed similarly to
the base case. Therefore some details will be omitted.

Thanks to the induction hypothesis ensuring the continuities of the function #,_; and of the map a €
[0,@] — 2;‘_1(5(1_1(04)), we deduce from Proposition that, up to reducing @, it holds that [t{_; — 4,5+ C
I(fq,07) for all @ € [0, @], that Z uniformly converges to Z, over [t;_; — 4,1 + d] when o — 0 (see Figure
in Section where ¢ = k + 1), and that the map

(o, t) € 0,a] x [tg_q — 0,t5 + 0] = Zg(t) € R", (5.2)
is continuous. Similarly to the base case, up to reducing @ > 0, we get that ZX(t) € Bgn(2(t5),v) for
all (o, t) € [0,@] x [ty — d,t; + 0] and thus we are in a position to define the map

Gg: [0,@] % [ts—6,tc+46] — R
(Oé,t) = Fq(zt(;(t)at)

Similarly to the base case, G is continuous, G4(0,t5) = Fy(x(t;),t5) = 0 and V;G4(a,t) exists and is
continuous over [0, @] x [tg — J,t; + 0] and

ViGy(0,tg) = (VaFo(x(tg), tg), (fg) ™ (tg))mn + ViFy(z(tg), t5) # 0.

Finally, from the third item of Proposition and from the induction hypothesis (in particular from the
differentiabilities at 0 of the function ¢,_1 and of the map « € [0,@] — 204 (t,—1(a)) € R™), we get that

q—1
L Elt) = (k)

_ c
a0 a - wfl(tq)a
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which implies that V,Gq(0,t5) exists with Vo Gg(0,t5) = (Vo Fo(x(tg), tg), wq(t))rn -

From the conic implicit function theorem (Lemma [5.1)), up to reducing @ > 0, there exists a function fq €
C([0, ], [tc — 6, t5+4]), such that £4(0) = t¢ and Fy(z5 (t4()),q(a)) = 0 for all o € [0, @], that is differentiable
at 0 with

(Vo Fy (a(tg), tg), wq (t5) )R
(Voo (2(t3),15), (fo)~(t0))zn + Vel (a(tg), 5)

From the continuities of the function £, and of the map (5.2)), we deduce that the map a € [0,a] — 25 (4(a)) €
R™ is continuous over [0, @]. Similarly to the base case, one can easily prove that

7(0)=—

o (@) = 5 (t9)

a—0 le%

= wg(t) + T,(0)(f2)~ (£2),

which completes the proof for the inductive step. O

5.2.2 Admissibility of the perturbed auxiliary non-hybrid trajectories

Lemma 5.3. Consider the framework of Lemma Then, up to reducing @, the following properties are
satisfied:

1. There exists sj,_, € (t_,,t5_, + 9] such that 2 (t) € Ej(t) for all (o, t) € [0,@] x (t{_;,5}_,] (and for
all (o, t) € [0,@] x [t§, s),_4] f k=1).
2. For all ¢ € {k,...,N — 1}, there exists s, € [t; — J,t;) such that Z7(t) € E,(t) for all (a,t) €

[0, @] x [sq, Tq(cv)).
3. For all ¢ € {k,..., N — 1}, there exists s, € (tg,t; + d] such that Z,,(t) € E,11(t) for all (a,t) €
[0, @] x (tq(e), 55].

4. There exists sy € [t% — 0,t%) such that 25 (t) € En(t) for all (a,t) € [0,a] x [sn, %]

Proof. This proof does not require induction. We will prove each item separately. Note that we will reduce @
in each item.

Proof of the fourth item. Recall that Zy = x over [t%,_;,t%] and that z(t) € En(t) for all ¢ € [t%, — J,t%].
From (C1) and since 2% converges uniformly to Zx over [t%,_; — 6,t%] N [0,7] when o« — 0, one can easily
conclude the proof of the fourth item by reducing @ > 0 and by taking sy = t§, — 9.

Proof of the first item. If k = 1, then the proof is similar to the above fourth item. Therefore let
us deal with the case k € {2,..., N}. Recall that Z;(t) € Bgn(z(t§_,),%) for all ¢t € [t{_; — 6,85_; + 4]
Since Z;} uniformly converges to Z; over [t§_, — §,t7 + 6] N [0,T] when o — 0, up to reducing @ > 0,
we get that Z2(t) € Bgn(z(t$_,),v), and therefore Z2(t) € Ei(t) if and only if Fj_1(22(t),t) > 0, for
all (o, t) € [0,@] x [tf_, —0,t7_, + J]. By contradiction let us assume that

Vsj_q € (th_1,th_1 +0], YO<B <@, 3Facl0,8], Fte(ti_i,s51), Fr1(Zn(t),t) <O0. (5.3)

Let s},_4 € (t5_,t%_; + 6] and 0 < 8 < @ and consider (a,¢) given in (5.3). Since Fj_1(Zy(t5_1),t5_1) =
Fr_1(z(t5_4),t5_;) = 0, we obtain that
Fio1 (20 (8),8) = Fr1 (3 (8-1)5 tima) <0

Since z is of class C! over [t{_, — 46,t$_, + 4], note that the above inequality can be rewritten as

1 k 1 i
W/ Up_1(s) ds < P / Up_1(s) — Uy_{(s) ds, (5.4)
k=1 Jt5 k=1 Jt5

where
Ui—1(8) == (Vall—1(2k(5), 8), fr(Zk(8), Ak, Uk (8), 8))rn + ViFi-1(2k(s), 5),
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and
ho1(5) = (VaFio1(ZR(5), 8), fr(ZR(8), Ak + (A — M), ik (5), 8)) e + ViFi—1(Z5 (s), 5),

for all s € [t_, —4,t_, + d]. Since 4y, is continuous at t_,, note that t{_, is a Lebesgue point of ¥y_;.
Therefore, when making tend sk_l — t7_, and 8 — 0, we make tend o — 0 and ¢ — t{,_; and thus the left
term of (5.4) tends to

(Vo Foor(x(ti ) th), (fe) (1 ))me + VeFeoa (2t 1), 8 ).

It remains to prove that the right term of converges to zero when oo — 0 and ¢ — ¢§. To this aim recall
that zZ(t) € Brn(2(t$_,),v) for all (a,t) € [0,a] x [t§_, — 6,5, + d] and that V,Fy_1 and V F,_; are
uniformly continuous over the compact set Bgn (z(t{_,),v) X [t{_; — 6,t5_; + 6] (since Fy_1 is of class C1).
Therefore, since Zg uniformly converges to Zj, over [t§_; — J,t%_; + ¢] when o — 0, one can easily prove that
the right term of tends to zero when a — 0 and t — ¢5.

Hence we have obtained that

(Vo Fi(2(tia) thin), (fe) T (1)) e + VeFeoa (2(t; 1), th 1) <0,
which raises a contradiction with (A3). Therefore we have proved the negation of (5.3) which is given by
3sy_1 € (thy,th_ 1 +0], I0<pB<a, VYael0,f], Vte (ti_1,sk1), Fro1(Z(t),t) >0,

which concludes the proof of the first item by reducing @ > 0 to 8.

Proof of the second item. Let q € {k,..., N — 1} be fixed. This proof is similar to the above one, with
an additional difficulty due to the presence of the implicit function f,. Recall that & (t) € B (z(t5),v),
and t}lerefore Zg(t) € Ey(t) if and only if F (27 (t),t) <0, for all (a,t) € [0,a] x [tg — 4,15 —1;5] Also recall
that t,(a) tends to t7 when a — 0. Therefore, for any s, € [t — d,15), there exists 0 < 3(s,) < @ such
that s, < f4(a) <t 40 for all o € [0, B(s4)]. By contradiction let us assume that

Vsq € [tg —0,t5), VO <B<B(sg), Jael0,f], 3te[sqtq(a)), Fy(Z5(t),t)>0. (5.5)

Let sq € [t —0,5) and 0 < 8 < B(s,) and consider (o, t) given in . Since Fy (22 (tq(a)), tq()) = 0 (see
Lemma [5.2)), we obtaln that ) )
Fy(75 (tg(@)), tq(a)) — Fy(Z5(¢), ) < 0.

Since zj' is of class C! over [tg —0,tg + 4], note that the above inequality can be rewritten as

1 tq(a) 1 tq(e)
~7/ U,(s)ds < 7/ W, (s) — Wg(s) ds, (5.6)
¢ ¢

(8),8)rn + ViFy(2k(s),8), ifq=k,

T (VaFy( q(S)»S),qu ( ) ﬂ a(8),8))rn + ViFi(Z(s),s), ifge{k+1,....N -1},

\IJQ(S) - { <V$Fk(2]?(5)7s)7fk( ](:(S) Ak + a()‘k - /\k) ( )7S)>R" + vtFk(gg(s)’8)7 if q= k,
: o 8(5), Aguiig(s), 8))r + ViFy(20(s),s), ifqe {kt1..N—1},

for all s € [tg — d,t; + d0]. Since @, is continuous at t;, note that t; is a Lebesgue point of W,. Therefore,
when making tend s, — t& and § — 0, we make tend o — 0, £o() — t¢ and ¢ — £ and thus the left term

of . tends to
(VaFy(x(ty), tg), (fo) ™ (tg))mn + ViFy(x(t3), 3),

and, using similar arguments as in the proof of the first item, we obtain that the right term of (5.6)) tends to
zero when o — 0, t (o) — tg and t — .
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Hence we have obtained that

(VaFy(a(ty), tg), (fo)~ (tg))mn + ViFy(z(tg), tg) <0,
which raises a contradiction with (A3). Therefore we have proved the negation of (5.5) which is given by

Jsq € [te —6,t5), 0 <B<B(sq), Vael0,8], Vi€ [sqtq(a)), Fy(Zi(t),t) > 0.

q
which concludes the proof of the second item by reducing @ > 0 to 5.

Proof of the third item. The proof is similar to the above one. O

Lemma 5.4 (Admissibility of the perturbed auxiliary non-hybrid trajectories). Consider the framework of
Lemma Then, up to reducing @ > 0, it holds that:

1. 2(t) € Ex(t) for all (a,t) € [0,@] x (t5_;,tr(a)) (and for all (a,t) € [0,@] x [t§, tx()) if k = 1).
2. 20(t) € Eq4(t) for all (o, t) € [0,0] x (fg—1(),tq(a)) and all ¢ € {k+1,...,N — 1}.
3. 2¢(t) € En(t) for all (o, t) € [0,a] x (ty_1(a),t%]-

Proof. This proof does not require induction. Let us prove the second item only. The other items can be
proved similarly (and note that @ > 0 is reduced in each item). Let ¢ € {k+1,..., N —1}. From Lemma
we know that:

e there exists s;_; € (tg_q,t5_; + ] such that Z3(t) € E,(t) for all (a,t) € [0,a] x (fq,l(a),sﬁzfl].

o there exists s, € [tS — 0,t) such that 23 (t) € E,(t) for all (a,t) € [0,a] X [sq, q(a)).

Now recall that Z, = = over [t;_;,t] and that z(t) € E,(t) for all ¢ € (t7_;,t7) and thus for all ¢ € [s]_;,s4]-
From (C1) and since Z' converges uniformly to Z, over [t;_; — d,t; + 6] when o — 0, one can easily see
that, up to reducing @ > 0, one has ¢! ( ) € Ey(t) for all (a,t) € [0,a] x [s;_1,5,]. We finally deduce

that Zg (t) € Ey(t) for all (o, t) € [0,a] x ( 4—1(),t,()). The proof of the second item is complete. O

5.2.3 Proof of Proposition

Let us fix k € {1,..., N} and A, € R?. Consider the perturbed auxiliary non-hybrid trajectories Z = y(-, fq, 0)
over [tg_; — 6,15 + 3N [0,T] for all g € {k,..., N} and all a € (0,@] constructed in Lemma - together
with the corresponding implicit functions , for all ¢ € {k,..., N — 1}. As explained in Section we define
by concatenation

z(t) for all ¢ € [t5,t}_,],
o) = Z2(t)  for all t € [t_,,tk()],
TN s forallte [ (), (a)} andall g€ {k+1,...,N —1},
(1) for all t € [tn_1(a),t%],
and
A(t) for a.e. t € (t5,t5_1),
() = M +a(Ap —Ag)  forae. te (t5— Ltk()),
Aq for a.e. t € (t4—1(a), q(a))andallqE{k+1,...,N71},
AN for a.e. t € (tn_1(),t%),
and
u(t) for a.e. t € (¢§,t5_1),
(8 = y(t) forae. te (t;_ ptk(C}))
Gg(t)  forae. t € (t,—1(a),t ( NDandallge {k+1,...,N—1},
an(t) for ae. t € (tn_1(a),t%),
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for all & € (0,@]. From the construction and the results developed in Lemmas and one can easily
see that (z%,A*, u®) € AC([0,T],R™) x PC([0,T],R%) x L>*([0,T],R™) is a (perturbed) solution to (CS),
admitting the f,(a) as crossing times, where we have introduced #4(c) := ¢ for all ¢ € {1,...,k — 1} and
all & € (0,@]. The first, third, fourth and sixth items of Proposition also directly follow, as well as the first
assertion of the second item. The second assertion of the second item follows from the uniform convergence
of 2 to Zg over [t — 6,5 +6] N [0,T] for all ¢ € {k,..., N} when @ — 0, from the convergence of t,()
to tg for all ¢ € {k,..., N —1} when o — 0, and from the equality Z, = x over [t;_,,t¢] for all ¢ € {k,..., N}.
Finally the fifth item follows from Lemma since it holds that
lim ma(T) - IIJ(T) — lim E?\tf(t?\f) — gN(tif) _ wN(tfv) _ ’LU(T),
a—0 o a—0 o

which concludes the proof of Proposition |5.1

5.3 Needle-like perturbation of the control

Consider the framework of Section[5.1] This entire Section [5.3]is dedicated to the proof of the next proposition
which states a differentiability result at time ¢ = T for the trajectory x with respect to a needle-like

perturbation of the control u. Since the proofs of this section are very similar to the ones of the previous
Section they are omitted.

Proposition 5.2. Consider the framework of Section Let k € {1,..., N}, let v € R™ and let 7 € (t,_,,t)
be a Lebesgue point of the map h(x(-), A(-), u(+), ). Then there exists 0 < & < min{l, 7 —¢5_,} such that, for
all a € (0, @], there exists a perturbed solution (z, A%, u®) € AC([0, T], R") x PC([0, T], R?) x L=°([0, T], R™)
to such that:

(i) The corresponding perturbed partition of [0,7], denoted by {4(c)}=0, . n(a), satisfies N(a) = N,
with Z,(a) = t¢ for all ¢ € {1,...,k — 1}, and £4(c) tends to t¢ when v — 0 for all ¢ € {k, ..., N —1}.

(ii) The perturbed trajectory xz® follows the same regions than x, that is, z® satisfies
z%(t) € Ey(t) for all t € (t,-1(a),t,(c)) and all ¢ € {1,..., N},

with 2%(0) = @i, € F1(0) and 2*(T) € En(T). Moreover z® uniformly converges to x over [0, 7]
when o — 0.

(iii) The perturbed regionally switching parameter A is given by

A (t) = A, for ace. t € (f,-1(a),ty()) and all g € {1,...,N}.

(iv) The perturbed control u® is given by

v for a.e. t € (T —a, 1),
u(t) = ak(t) forae. te(lf_,7—a)u(r tr()),

Ug(t) forae. t € (tg_1(a),ty(e)) and all ¢ € {1,..., N}\{k},
where %, stands for the auxiliary control defined in Section forall g € {1,...,N}.

(v) The limit
lim rA)zmns) (T) — 2(T) =w(T),
a—0 6%

holds true, where

qg—1>"q

(1) = wy(t), forallte [tS_,,t¢) and all ¢ € {k,...,N — 1},
W= wn (), for all £ € [t5_y,15],
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where wy, is the variation vector defined as the unique maximal solution (which is global) to the
linearized Cauchy problem given by

{ W(t) = Vo fe(Zr(t), M, Gr(t), w(t), ae. t e[ty | —d,t5 +6N[0,T],
w(t) = fi(2k(7), Ay 0, 7) = fi(Za(T), Ak, @k (7),7),

and wy is the variation vector defined by induction as the unique maximal solution (which is global) to
the linearized Cauchy problem given by

{ W(t) = Vafq(Z4(t), Ag, ug(t), )w(t), ae. te[ts | —6,t540]N[0,T],
w(to_q) = we—1(t5_1) + &1,
for all ¢ € {k+1,..., N}, where & € R" stands for the jump vector defined by
<V:1:Fq(33(tc)7tc)7wq(tc»Rn c — e
& = VLB ), (fq)q—(tg)mn +thFq(x(tg),tg) ((far1)(tg) = (fo)~(t9)),
for all ¢ € {k,..., N — 1}.
(vi) The limit

lim ty(a) —tg _ (Vo Fy(x(t]), tg), wy(tg)) e

as0 o« (VaFy(a(tg), tg), (fo) = (t9)mr + Ve (2(t]),t5)
holds true for all ¢ € {k,...,N —1}.

5.3.1 Construction of perturbed auxiliary non-hybrid trajectories

Lemma 5.5 (Construction of perturbed auxiliary non-hybrid trajectories). Consider the frameworks of
Section and Proposition Let k€ {1,...,N}, let v € R™ and let 7 € (¢} _,,t%) be a Lebesgue point of
the map h(z(-), A(:),u(-),-). Then there exists 0 < @ < min{l,7 —¢{_,} and, for all ¢ € {k,..., N — 1}, there
exists a function t, € C([0,a, [t2 — 6,1 + 8]) differentiable at 0 with 7,(0) = ¢ and
(Vo Fy(2(tg), 1), wqe(tg))rr

(VaFy(x(tg), t5), (fo) = (t§))mn + VeFy(x(tg), t5)’

such that the perturbed auxiliary non-hybrid trajectories Zf' := y(-, fy, 05) associated with the perturbed
quadruplets 0¢" defined by the induction

9 — { ()‘k’vﬁ%vfzfl’z(tzfl)) if g=*k,

q 7

(A g tg—1(a), 291 (tg—1()) if ge{k+1,...,N},

for all & € [0,@] and all ¢ € {k,..., N}, where 4} is the needle-like perturbation of @ (see Figure |8 in
Section given by

7(0) = -

PN ) ifte[r—a,r),
e t) = { a(t) ift¢[r—a,r),
for almost every t € [0, 7], satisfy:
e for all ¢ € {k,..., N}, it holds that [t;_; — d,t; + 0] N[0, T] C I(f,,07) for all a € [0,a], that Z3
uniformly converges to Z, over [t;_; — 4, + ] N[0,7] when o — 0, and

q—1
- Zg(tg) —Z(tg)
ili% «o o wq(tq).
e for all ¢ € {k,...,N — 1}, it holds that Z(t) € Brn(2(t;),v) for all (a,t) € [0,a] x [t§ — 6,15 + 4],

that F,(z5(tq(a)), fq(e)) = 0 for all a € [0,a], and that the map a € [0,a] — 28 ({,(a)) € R™ is
continuous over [0, @] and differentiable at 0 with

2 (g (@) — Zg(t) . _

lim ~1-—1 T = wq(t;) +t;(0)<fq) (tg)-

a—0 (%

Proof. The proof is very similar to the one of Lemma and thus is omitted. The only difference is that, for
the base case, one must note that we fix §y € [0, 0] such that 7 < t{ — §p in order to have 4 = 4y, for almost
every t € [t§ — 0o, t§ + o] where T € (t_,,t%) stands for a Lebesgue point of A(z(-), A(-), u(-), ). O
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5.3.2 Admissibility of the perturbed auxiliary non-hybrid trajectories

Lemma 5.6. Consider the framework of Lemma, Then, up to reducing @ > 0, the following properties
are satisfied:

1. There exists s;,_, € (t5_1,t5_; + 0] such that 27 (¢) € Ex(t) for all (o,t) € [0,@] x (t5_,, s},_,] (and for
all (a,t) € [0,a] x [t§, s,_,] if k=1).

2. For all ¢ € {k,...,N — 1}, there exists s, € [t; — J,t]) such that Z2(t) € E,(t) for all (a,t) €
[0,@] x [sq,t4())-
3. For all q € {k, ..., N — 1}, there exists s; € (tg,t; + 0] such that Zf',,(t) € Egy1(t) for all (a,t) €
[0,@] x (tq(a), s5]-
4. There exists sy € [t% — J,t%) such that 2 (¢) € En(t) for all (a,t) € [0,@] X [sn, %]
Proof. The proof is very similar to the one of Lemma/[5.3] and thus is omitted. O

Lemma 5.7 (Admissibility of the perturbed auxiliary non-hybrid trajectories). Consider the framework of
Lemma Then, up to reducing @ > 0, it holds that:
1. 22(t) € Ex(t) for all (a,t) € [0,@] x (t{_;,tk(a)) (and for all (a,t) € [0,@] x [t§, k() if k = 1).

2. 20(t) € Ey(t) for all (a,t) € [0,a] x (fg-1(a),tq(a)) and all g € {k+1,...,N — 1}.

3. 2%(t) € En(t) for all (a,t) € [0,a] x (in_1(a), t5].

Proof. The proof is very similar to the one of Lemma/[5.4) and thus is omitted. O

5.3.3 Proof of Proposition

Let us fix k € {1,...,N}, v € R™ and 7 € (t_,,t;) being a Lebesgue point of the map h(x(-), A(-), u(-),").
Consider the perturbed auxiliary non-hybrid trajectories Zy = y(-, fq, 05 ) over [t;_; — d,t5 + ] N[0, T] for
all g € {k,...,N} and all a € (0,@] constructed in Lemma together with the corresponding implicit

functions ¢, for all ¢ € {k,..., N — 1}. As explained in Section we define by concatenation

x(t) for all ¢ € [t§, t5_,],
.Z‘a(t) — Zl(j(t) for all t € [ “k— 1’tk( )]7
' zo(t)  for all t € [fg_1(a),t (a)] and allge {k+1,...,N —1},
() for all t € [tn_1(a),t%],
and
A(t)  for ae. t e (¢§,15_4),
2(t) = Ak for a.e. t € (tj_ Lie(Q)),
R P fora.e (t 1(a )7~( ))and allge {k+1,...,N — 1},
Ay forae. t € (ty_1(),t),
and
u(t)  forae. t e (t,t5_,),
v for a.e. t € (1 — o, 7), )
u(t) =4 ag(t) forae.te (ti_,,7—a)U(rtk(a)),
Uq(t)  for a.e. (t 1(a),ty(a)) and all g € {k+1,...,N — 1},

an(t) for a.e. t € (tv_1(a), tN)

for all @ € (0,@l]. The remaining details of the proof are omitted, since we use similar arguments than the
proof of Proposition [5.1]
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6 Proof of Theorem 2.1

Let (z,\,u) € AC([0, T],R™) x PC(]0, T], R%) x L>([0, T],R™) be a solution to (OCP)), that is moreover a
regular solution to (CS]). In the sequel we will use the notations introduced in Definitions and and the
results obtained in the previous Section [5}

Introduction of the adjoint vector. We define the adjoint vector p € PAC ([0, T],R") as

p1(t)  for all t € [t§,5),
pi(t) forallte (t;_,,t7) and all k € {2,...,N — 1},
pn(t) forall t € (t5_1,t%],

p(t) ==

where py is defined as the unique maximal solution (which is global) to the linear Cauchy problem given by

{ p(t) = _vaN(éN(t)’ )‘N»ﬂN(t)vt)Tp(t)a a.e. t € [t?\f—l - 67 T] n [0’ T]a
p(T) = =Vo(x(T)),

and py, is defined by backward induction as the unique maximal solution (which is global) to the linear Cauchy
problem given by

{ p(t) = _vsz('gk(t)v Akvﬂk(t)vt)—rp(t)’ a.e. t e [ti—l - 6) tz + 5] N [OvT]v
p~(t) = p;ﬂ(ti) — Xk

for all k € {1,..., N — 1}, where xj € R™ stands for the jump vector defined by

i = — P @), (frrr) T(t) — (fr) ™ (t5))r
(Vo Fi(z(t$),t9), (fi)~ (t5))rr + Vi Fr(x(t5), t5)

forall k € {1,...,N — 1}.
Recall that %, (t) = 2(t) for all ¢t € [t§_,,¢{] and all k € {1,..., N}. Through concatenation of the above

linear Cauchy problems, one can easily see that the first item of Theorem [2.1]is fullfilled. Furthermore, from
the above Cauchy conditions, the second and third items of Theorem [2.1] also trivially follow.

Vo B (2(ty), 1),

The Hamiltonian maximization condition. Let us fix k € {1,..., N}, v € U and 7 € (t§_,,t}) being
a Lebesgue point of h(z(-), A(+), u(-),-). Consider 0 < @ < min{l,7 —¢{_,} given in Proposition From
the construction detailed in Proposition [5.2] and explained in detail in Section [2.4] and since U is assumed
to be closed (which guarantees that the limits u™ (¢§) and u™ (¢5) belongs to U), one can easily see that the
perturbed solution (z%, A%, u®) to satisfies all the constraints of Problem for all @ € (0,@]. Thus,
from optimality of the triplet (z, A\, u), we get that

¢(x*(T)) — ¢(x(T))

(&%

for all @ € (0,@] and, taking the limit & — 0, we get from Proposition that (Vo(z(T)), w(T))rn > 0
which can be rewritten as (p(T), w(T))rn < 0.

From the linear Cauchy problems satisfied by p and w over each open interval (152717 ) forq e {k,...,N—
1} (and over (t%_,,t%] for ¢ = N), one can easily see that the scalar product (p(-), w(-))rn is constant over
each of these intervals.

Now let us prove that (p* (t5), w* (t5))rn = (p~(t), w™ (t;))r» at each crossing time t, for ¢ € {k,..., N —
1}. To this aim note that the definition of x, has been selected to get that

(PF(tg): (fo41) " (t9) — (o)~ (£5))mn (P~ (%), (fa1) " (t7) — (o)~ (£5))mr

(VaFq(2(t5),t5), (fo)~ (t§))m + VieFy(x(t),te)  (VaFy(a(tg),t5), (for1) T (t5))rn + VeFy(2(t]), t5)’
by replacing p~ (t;) in the above right-hand term by p~(t5) = p*(tS) — xq. In particular y, can thus be

rewritten as
L ) B ) — () ()
X T F (@19 15), (farn) (1)) me + Veby (1), 15)

>0

)

Vo Fy(2(t5),t5),
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which leads to (p~ (t5), £g)rn +(Xg W™ (£5))rn +(Xgs Eq)rn = 0. Therefore, from the equality (p™ (t¢), w™ (£5))rn =
(0™ (t8) + Xxqo w™ () 4 Eg)rn, We get that (pT(£), wt (t5))re = (P (£5), w™ (£5))Rn-

Finally, by simple backward induction, we have obtained that (p(7), w(7))g» < 0. From the value of w(7)
given in Proposition [5.2] this inequality gives

H(Zp (1), Mo, v, pr(7), ) < H(Z(7T), Ay ke (7), e (T), 75

which can be rewritten as

H(x(7), A(7),0,p(7),7) < H(x(7), \(7), u(7), p(7),T),

which concludes this paragraph.

The averaged Hamiltonian gradient condition. Let us fix k& € {1,...,N}. Consider some \; € A
and 0 < @ < 1 given in Proposition[5.1} From the convexity of A and the construction detailed in Proposition
and explained in detail in Section one can easily see that the perturbed solution (z®, A\%* u®) to
satisfies all the constraints of Problem for all @ € (0,@]. Thus, from optimality of the triplet (z, A, u),
we get that

for all @ € (0,a] and, taking the limit & — 0, we get from Proposition that (Vo(2(T)), w(T))rn > 0
which can be rewritten as (p(T), w(T))rn < 0.

Using similar arguments than in the previous paragraph, one can derive that (p~(¢f), w™ (¢
recall that the classical Duhamel formula leads to p(s) = ®(t§,s) T p~($) for all s € (tk 1t

) < 0. Now
¢) and

w (1) = / (15, )V S () M (5)25) (e — Ag) s,

c
-1

where ® stands for the state transition matrix associated with the matrix function V fi(Zk (), Ak, Gx(+), -)-
Therefore the inequality (p~ (t7), w™ (t7))r» < 0 gives

</ck Vi (Zi(8), A, i (s), 8) 'p(s) ds, Ax — /\k> <0,

Rd
which can be rewritten as

A

k

V)\H )\k, ( ),p(8)78) dS,)\k—)\k> SO
1 Rd

Since the above inequality is satisfied for any A, € A, this paragraph is complete, and so is the proof of
Theorem (2,11
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