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HILBERT MANIFOLD STRUCTURE FOR ASYMPTOTICALLY
HYPERBOLIC RELATIVISTIC INITIAL DATA

ERWANN DELAY AND JEREMIE FOUGEIROL

ABSTRACT. We provide a Hilbert manifold structure a la Bartnik for the space of asymp-
totically hyperbolic initial data for the vacuum constraint equations. The adaptation led
us to prove new weighted Poincaré and Korn type inequalities for AH manifolds with
inner boundary and weakly regular metric.
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1. INTRODUCTION

This work follows on from a paper of 2005 [4] in which R. Bartnik described a Hilbert
manifold structure for the space of asymptotically flat solutions of the Einstein equations
(see also [16], [17], [18]). The work is done with rather weak regularity assumptions con-
cerning the metric involved (curvature constant only modulo weighted L? terms) and so
can be related to the context of the bounded L? curvature conjecture of KRS [19]. Actu-
ally R. Bartnik showed in [3] that these assumptions on the regularity are the weakest
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2 E. DELAY AND J. FOUGEIROL

possible to define the ADM mass of the manifold, explaining why we chose the same regu-
larity conditions. In an undergoing work [10], we are showing that these very assumptions
allow us to properly define the mass of an asymptotically hyperbolic manifold compatible
with previous definitions of the mass (see 7] , [12] or [8]) and with the Hilbert manifold
structure exposed here. In order to overcome difficulties arising in the asymptotically
hyperbolic case, we had to create a Hessian-type operator T and a differential operator
of order two, called U, built up with the first derivatives of the Killing operator S. In
particular, we obtain Pomcare and Korn-type estimates of second order on an asymptot-
ically hyperbolic manifold with boundary. These estimates are the key to prove triviality
of the adjoint’s kernel.

Acknowledgement : Jérémie Fougeirol thanks Marc Herzlich for some helpful re-
marks.

2. NOTATIONS AND CONVENTIONS

Let (M, g) be a Riemannian manifold. We define 77 (M) to be the bundle of tensor
covariant of rank m and contravariant of rank r . For all u € T}, (M), |u|, will denote
the norm of u with respect to the metric g and notation |u|,, allows us to precise the
point of the manifold we consider. du(g) is the Riemannian measure determined by g.
Riem ¢, Ric g and R(g) are respectively the Riemann tensor, the Ricci tensor and the
scalar curvature of the metric g. For a Riemannian metric g with connection V, we set
the following notations concerning the Hessian and Laplacian of a function .

Viu = V;Vju
Au = trgVQUZgijV?ju

w.r.t is the abbreviation of "with respect to".

The work presented in this article is done on a n-dimensional manifold as often as possible
and, otherwise explicitely stated, the results presented here are valid in any dimension n.
Nevertheless, Sobolev inequalities strongly constrain the dimension to n = 3 in several
proofs ; this is clearly specified when this is the case. We chose to leave n and specify
n = 3 in the concerned results rather than replace n by its specific value since it helps to
understand where the dimension plays a role.

Concerning constants in norm inequalities, the constant c¢ will design in general a constant
depending on the background metric ¢ and the decaying rate 6 and its expression may
change from line to line in a proof. The nature of the dependence of the constant C will
be systematically specified because it will depend on other parameters.

2.1. Conformally compact manifold.
Let (M, g) be a €°° n-dimensional complete non compact Riemannian manifold. The
manifold (M, g) is Conformally compact if there exists a Riemannian metric h such that
§ = p~2h , where (M, h) is a € compact Riemannian manifold with boundary d,,M
and p is a functlon on M, called defining function on 0, M:

® pEE>®(M)

e p>0o0n M

o O M ={zx e M:p(x)=0}
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e dp|y_r never vanishes.
We call asymptotically hyperbolic metric on M every Riemannian metric ¢ verifying:

e ¢ is conformally compact.

° |d,0|}%7800M = 1.

In some inequalities, we will allow M to have an inner boundary M. In that case, M
will the disjoint union of M, OM and 0,, M.

The existence of these two metrics on M can be source of confusion thereafter, so we
have to fix some notations. V, A, Flf uly (resp. WV, Ay, WTE Jul;) will respectively
denote the connection, Laplace operator, Christoffel symbols and tensor norm w.r.t g
(resp. h) There are some correspondances between these quantities.

For volume measures, in dimension n, clearly du(g) = p’”d,u(}oz).
For Christoffel symbols, Tif: (h)Tikj — % (5;‘?81',0 + 680,p — hklhij61p> )
In particular, for the Hessian of p (e.g. equation (C.12) from [5])

. Dpdip .
o= 050+ p (22222 lapl ). 1)
p p
Taking the trace of (1), we obtain the expression of the Laplace operator of p
Ap = p*Dyp — (n— 2)pldpl;. (2)

More generally,

n—2

Yu e €M) , Au=p? (A,;u — dp.;tdu) , (3)
where .; is the scalar product w.r.t the metric h.
For tensor norms, for all u € T, (M), |uly = p™ "|ul;,.

Definition 1. A cut-off function:
(M, g) is a conformally compact manifold with defining function p.
Let x : IR — IR be a smooth cut-off function such that:

e X(RR) C [0,1]
® supp x C (—00,2]
* X|(—OO,1} - 1

then for R large enough, we can define a cut-off function on M by

xr(z) = x(=In(p(x))/R).
Setting Qp = {x € M : p(x) > e 2R} | then xr verifies

1 on QR/Q
XrR =
0 on M\ Qp

In other words, xr is a cut-off function near the boundary at infinity of M.
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2.2. Sobolev and Ho6lder weighted spaces.
Thanks to the background metric g , we can define the following norm

1/p
Vi<p<oo and §eR : ||lull,s= (/ Juf? ppédu(fj))
M
Forp=oc and § €R : ||ul|oss = sup (p°|ul;)
M

The Lebesgue weighted space L% is now defined as the space of measurable functions of
L? . whose norm mentioned above is finite. The Sobolev weighted space Wf ' is then the

space of measurable functions of W,>? whose following norm is finite:

lullkps = D IVullys,

|al<k

where « is a multi-index of size n and V%*u = V‘?” . V%u

a=(ag,...,qn) and |a] = Zal

NB: for § = 0, we get back to norms of the classic Lebesgue and Sobolev spaces.

Wf P(Tr M) will refer to Sobolev spaces of sections of the (r, m)-tensor bundle over M.
We will speak of Wf P~ norm to indicate the norm of a tensor field u € Wf P(TEM).

For a domain U C M, ||ul|,.s.0 will be the restriction to U of the WP~ norm of u. The
Hélder weighted space C5*(M, g) , with 0 < a < 1 is endowed with the norm

lull g = max![94ul| .

|kl<s
with
() — uly)lz
U 0a—supp U +Supp sup  —————_— |
| ||c Julg iy (d;](a:,y)<1 dy(z,y)™

where u and ¢ represent tensors u and ¢ in an appropriate orthonormal basis.

2.3. Elliptic operators.
Here we recall classic results on elliptic operators that we may find in [1]| for example.
Let B; and B; be two tensor bundles over a conformally compact manifold (M, g) with
defining function p and A : €°°(B,) — €*°(B2) be a partial differential linear operator
of order m define d by
A= > a,v° (4)
|a|l<m

Set s € N. We say that the operator A of the form (4) has symbol in OP?" if
o € %, L(B1, By), with s, =max(s, |a| —m +1).

We say that A is an elliptic operator if

e For all a such that |a| =m , for all £* = &7 ... €4 #0,
a,é* 1 By — Bs is a tensor bundles isomorphlsm
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e For all £, there exists two constants ¢; and ¢, such that

laag®(lg < er €%l and  [[(aag®) 7 |l; < c2 1675

Lemma 1. Set so € N. For every elliptic operator A with symbol in OPY, , there exists
a positive constant ¢ = c(g,0) such that the following inequality is valid for all s < s :

lullz.svms < ¢ ([|Aullzs6 + [[ull200) ()

Theorem 1. For all R > 0, let Qg be as in Definition 1. Given § € IR and A an elliptic
operator with symbol in OPy'. Suppose there exists R large enough so that A verifies

Yu € €2 (MN\ Qr) , Jull2s < C||Aullz, (6)

where C' depends on A.
Then we can choose R large enough so that the following inequality

ullm2s < C ([|Aullas + [ull2.5:05) (7)
is valid for all u € €><(M). In particular, A : W™ — L2 is semi-Fredholm, i.c. A has
finite dimensional kernel and closed range.

3. PRELIMINARY ANALYSIS

In this section, we introduce some useful inequalities (see [1] , th 2.3 for example):

Proposition 1. Weighted Holder inequalities (in any dimension):
e Setd € IR so that 6 = 01 + 62 , let p,q, v € N be such that

1 1 1
1<p<g<r<oo and — =—+ —,
p q T
then
[wv]lps < [[ullgs, |[0]]r6- (8)
e Setd € IR and X € [0,1] , let p,q,r € N be such that
1 A 1-=2A
I<p<g<r<oo and —=—+ ;
p q r
then
lullps < [Jullys [l (9)

Theorem 2. Let (M, g) be a conformally compact n-dimensional manifold.

Weighted Sobolev inclusion:
Foralll<p<qg<oo, foralk>Fk, ifégé’—%(q;—p), thean’qCW;f’p ,
and there ezists a positive constant ¢ = c¢(g,9,9', k, k',n,p,q) such that

lullerps < cllullrgs-

Ifg=o0, forall1 <p<oo; forallk >k, if6 <8 =2, then Wy™ C Wk
and there ezists a positive constant ¢ = ¢ (g, 9,9, k, k', n,p) such that

[l por < cflullkcos-
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Weighted Holder inclusion:
Set k € Nyn=3andp =2, then forall0 < a < %, for all 6 < &, there exists a
positive constant ¢ = c(g,6,d, k, k', a) such that

Vu e WA (M), lulleoe < clfull2zs. (10)

Weighted Sobolev inequalities:
Set 1 < p < oo and let k,j be integers. In each of the following cases, there exists a
positive constant ¢ = ¢ (g, 0, k,n, j,p,q) such that for all u € Wg+k’p(./\/l),

7,

o [fpk <n, |[ulljos < cllulljrrps VP <0< 25

o Ifpk=mn, [|ulljgs < cllulljrrps . VP < g < oo
o Ifpk>mn, [lulljgs < cllulljirps, VP <g<oo.

Ehrling inequality:
For all e > 0, for all integers j,k such that 0 < 57 < k , there exists a positive constant
C(e) such that

k7
Vu e Wit lullips < ellullips + Cle)ullps- (11)

Rellich Theorem: /
For all k > k' and 6 < ¢, the inclusion Wf’z C ng 2 s compact.

A consequence of the Sobolev inequalities (cf. [5] for example) is
Proposition 2. In dimension n = 3, for all k > % ,
ue Wy? = u=o(p). (12)

Lemma 2. In dimension 3, for all 6 € IR, there exists a positive constant ¢ = ¢ (g, d1,02)
such that

||U’U||2,5 < C ||U||1,2751 ||’UH172,52 s with 51 + 52 = 5 (13)

Remark: In the particular case where d;,d, and § are non positive, then d; and &, are
both greater than §. The weighted Sobolev inclusion leads to

luvllas < ¢ ullr2s [[v]l124- (14)

Lemma 3. For each of the following inequalities, in dimension 3, there exists a positive
constant ¢ = ¢ (g,0) such that

Vu e Wit (M), ulleos < € [[ullogs + e [ull1 2. (15)
vue Wit (M) , lullss < e lfulligs + e Hull2s. (16)

Lemma 4. In all dimension n, we define for R real large enough,
Er =M\ Qr = {p < e}
Then Yu € LY(ER), V0 € IR,

||u||pm;ER < 62R(6_n)||u||p75;ER ,Vo<n, V1< p<oo. (17)
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4. THE HESSIAN TYPE OPERATOR T

Here we give some preliminary results concerning the operator T defined for a function
N by:
T =T(N):=V?N — Ng. (18)
Lemma 5. For all 6 € IR, there exists a positive constant ¢ > 0 depending on g such that
for all N € W*3(M),

IT(N)ll2,-5 = IV N||2,—5 = ¢ |IN1]2,-s- (19)
Proof: The result stems from the definition of 7" and the Triangle inequality.

Lemma 6. For all 0 €] — (n+ 1)/2,0], there exists a positive constant ¢ = ¢ (g,d) such
that for all N € W3 (M),
INT[1,2,-5 < ¢ [[T(N)]]2,-5- (20)

Proof: By density, we can suppose N € €°(M). We use the proof of Proposition 4
which establishes (20) if the support of N is in a neighborhood of the boundary at infinity.
Here we ignore the § restriction due to positivity of the interior boundary term since N
is compactly supported. We obtain the result near the boundary for 6 €] — (n+1)/2;0]
and conclude with kernel triviality of 7 for —d < 241 (see [6]) thanks to a proof similar
to the one of Theorem 1.

Combination of Lemmas 5 and 6 gives

Proposition 3. For all 6 €] — (n+1)/2,0] , there exists a positive constant ¢ = ¢ (g,0)
such that .
IN]l2.2,-5 < ¢[|[T(N)][2,-s- (21)

We will need the next three lemmas which give general equalities on (M, g), a n-

dimensional asymptotically hyperbolic Riemannian manifold with g = p*QiL. Here we
allow an possible inner boundary M. From now on, do(g) will be the measure induced
by g on OM and 7 is the exterior unit normal to OM. The term o(1) will tend to zero
when approaching 0., M.

Lemma 7. Let (M, g) be a n-dimensional asymptotically hyperbolic manifold and
N € €°°(M) with a compact support on M. V6 € IR,

d ° ° d o
[N 2 (@) =~ [ o ionoDIN du(a)+ [ Ny P do(a).
M p M oM P

Proof: Integration by parts gives
° o . - R d i . B .
//\4 Vi<—N2vl(p 1)p25+1) d,LL(Q) — //M 2]\/‘<de f)ép% d,u(g) o //M N2A<p 1)p25+1 dﬂ(g)

+ [ @04 DN di(s) (22)
Let us compute (see [5], (D.4) for instance)

V2(pt) = p Mdpl2g — p 2 N2, (23)
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Taking the g-trace,
A(p™) = np~Hdpl; — Ajp.
The metric i being defined (and so bounded) until 9 M and p being a smooth function on

M, A pis a smooth function bounded on M and so, we can write A;p = O(1) = o(p™!)
near O..M. We obtain

A = o (nldpl + o(1). (24)
According to |dp|% = 1+ 0(1) near the boundary at infinity on an asymptotically hyper-
bolic manifold, (22) become

| V=N P N dua) = [ 28N % duta)
M M p

+/ 20 + 1 —n+o(1)]N?p® du(g).  (25)
M
From the Divergence theorem,

dp

/ Vi(=N2Vi(p™)p® ) du(g) = | N, n)gp% do(g). (26)
M oM P

We end the proof replacing the left-hand side of (25) by its expression (26). .

Lemma 8. Let (M, g) be a n-dimensional asymptotically hyperbolic manifold and
N € (M) with a compact support on M. ¥é € IR ,

_Q/Mf(dN,Ci)) 2 du(g) / {26 +1 —n+o(1)}dN|2p* du(g)
- [ o= oI ()
N /a G IdN|§)<%m>gp25 do(g),  (27)

Proof: We integrate by parts the term V;(|dN 2 Vi(p™) p2*1) and the result follows
on from the Divergence theorem and Lemma 7.

Lemma 9. Let (M, g) be a n-dimensional asymptotically hyperbolic manifold and
N € € (M) with a compact support on M. V6 € IR ,

—/ trgT N p* dp(g) = —/ [0(26 + 1 —n) —n + o()]N?p* dp(9)
M
o [ AN )~ [ V(N o)
oM
+ [ oNHaN )y P dod), (28)
oM

Proof: We integrate by parts the term V;(NViNp?) and the result follows on from
the Divergence theorem and Lemma 7.
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The next proposition stems from the two previous lemmas and will play an important
role to prove the adjoint kernel triviality:

Proposition 4. For everye > 0, for all § €] — (n+1)/2, —1], there exists R. 5 > 0 such
that for all R > R, s, there exists a positive constant ¢ such that

VN € €°(Er) s |INll2o-s.8n < ¢ |ITllo-5n- (29)

Proof: From T and trg,To expressions and V,, N (resp. V7 N) being the component of dN
normal (resp. tangential) to 0o M, V,N := (dN,n)4 and [dN|; = V., N[z + |VTN|2
(28) — 3(27) give

P d 2 2
/MT(dN, p) p? dp( / NtrngédM()
- / {251 5 4 o(1)}|AN 0 du(g) + / 225> + nd + 251 4 o(1)N?p dyu(9)
M M
4 / (65— H)N? + L|an? }< P do(@) — [ NVuNPdo(@).  (30)
oM oM

Application on Er: Eg possesses two dlSJOlIlt boundary components. A boundary at infin-
ity, noted OF, = 0 M, and an inner boundary Qg = {p = e 2%}. Since N € €>°(ER),
N is surely null near F,, but not necessarily on €2z and that’s the reason why bound-
ary terms in (30) will only concern 0Q2g. If ng is the normal to Qg exterior to Er and

2
considering that when R — 400, ng— —p — 0, so that ( L NR)g = | pQ““’ o(1) =1+o0(1).

. d O : o
/E T(dN, ;p)p% du(g) — | NtrgTp* du(g)
R

Egr

= [ {5 (NN (i) + [ (254 md 2 (DN d()
Er Egr

+ {(6 = L + 0o(1))N? + L[dN|2 = NV, N + o(1)}p* do(g).
OFER

According to the following inequalities
i, 713 < o 71
T(dN, ¢ ) < §IT + 1a|dN|§|dp|% ,Va >0, a>>1.
—Ntrg b |trgT|2+§N2|dp|% Vb >0, b>>1.
Ve > 0,dR. > 0 such that VR > R, ,

a-+bn o . o
(“57) [ me ) > [ (25 -5 eHan T nto
R
/ [—20% 4+ nd + =2 — ] N?p* du(g)
Egr
+/ N2 26d0( )
OFR

+/8 %WTN@ +5(N - %nN)Z} p* do(g).
ERr
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e The N? interior term is non negative if § €] — % ; "TH[

e The |[dN|; interior term is non negative if § < (n +1)/2.

e The boundary term is non negative if 6 > 1.

Moreover, a quick calculation shows that on the interval [0; %L |

2
ntl _ 5 < —20% +nd + 2.

Consequently, for § €]1; "TH[,
Ve > 0,dR, > 0 such that VR > R, ,

a+ bn o , n .
( 5 )/E T70% du(g) > /E{%1—5—8}(N2+\dN|§)p25du(g)-
R R

Namely
INI12080 < cl[T25E5-
Combining this inequality with Lemma 5 valid in particular on Fr, we end the proof of
(29).
O

5. THE KILLING OPERATOR S
Let S be the Killing operator defined on 1-forms by
° 1 o o o
S(Y)iy = 5(ViYj + V,Yi) = ViY). (31)
The trace of this operator is
tryS(Y) = G7S(Y)y; = VY, =: divY. (32)

The next three lemmas are respectively versions of Lemma D.1 and Propositions D.2
and D.3 from [5] with inner boundary:

Lemma 10. Let V' be a vector field and Y a 1—form both compactly supported on M.
Then,

o

[ (507 + 3y SEDV) diti

- _%/M (VV(Y,Y) + LdivV|Y[3} du(g) +%/@M<Y, V) (Y,m)5do(9)

1 o
3 [ WE s do(i),
oM

Lemma 11. Let u be a function, V' a vector field and'Y a 1—form all compactly supported
on M. Then,

/M U(S(Y) + Stry(S(YV))) (Y, V) dp()

1 . . . 1 u .
=5 [ (@) L I E du@ + 5 [ V), iy do(o)
2 Jm 2 Jom

1 [ 1 ’ o
__/ e? {Q(du, Y>§ <Y, V>g + <du, V>g‘Y‘§} du(g) + —/ e? |Y|§ <V, ?7>§ dO’(g),
2 M 4 oM
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Lemma 12. LetY be a 1—form compactly supported M and u,v € €*°(M) two functions
defined in a neighborhood of the support of Y. Then,

_2/ vezug(Y)(d’U,d’U)<dU,Y>§ d,u(.é)
M

= / e (dv, Y)g{ (dv,Y); [\dv@ + vAv 4 2v{dv, du)g| + 2v V20(Y, dv) }d,u(é)
M

—/ 0 dv, YY2(do, n)y do(d),
oM

Respective versions of Corollaries D.4 and D.5 from [5] with possible inner boundary
come out from these previous lemmas:

Corollary 1. Let (M, g) be an asymptotically hyperbolic manifold and Y a 1—form
compactly supported on M. ¥ € IR ,

2 [ B0 + b (S0 D) du(a)
M P
= [ {8t = a oIV = 25+ 0LV} auti)

1 dp i dp .
+§/ PO (— mado(g) + | p? (Y, —)g (Yim)gdo(g), (33)
AOM P M p

Proof: We apply lemma 11 with
V=dp ) =—p2dp o [VV =V = dplRg — p? V) from (23)
w=(6+3%)Inp divV = A(p™) = p~(n|dp|? + 0(1)) from (24)

dp

du= (6 +3)— and e = p**.
p

The metric h being defined (and so bounded) until d.M and p being a smooth function

on M, MV2pis a smooth function bounded on M and so, we can write V2p = o(p~1)
near O, M. Thus,

VV(Y,Y) = p~ (ldpl Y2 + o(1)[Y]?)
divV[Y[2 = o (nldpl? + o(1))[Y
We obtain

/ PP(S(Y) + Ly (V) (Y, L)
" P
1

2 1 n 2 2 dp 2 2 o
=3 /M p 6{ [1—(0+3)+ 2] ldpl|Y]Z — (20 + 1)<?, Y)2 + 0(1)|y|§} ()

du(g)

1 dp , 1 dp .
sy [ PR o)+ [P v dota)
AOM P M P

We end the proof with |dp|% =1+ o(1) on an asymptotically hyperbolic manifold.



12 E. DELAY AND J. FOUGEIROL

Corollary 2. Let (M, g) be an asymptotically hyperbolic manifold and Y a 1—form
compactly supported on M. Then,

25 &y 4P dpy dp
2 [ #5022 (L) duti
dp

_ 25 (1 — o @ 2 o 25 @ 2,%P
_/Mp (n—1-—25+ (1))<p,Y>ng(g)+/6M,0 (o Vel

Proof: We apply lemma 12 with
{v =p {dv =d(p ) =—pt { = p*H
u=(+2)Inp = |du= (5+2)d—pp |dvl? —p_2|dp\%
together with
Vi =V (p!) = p7! (|dpl,%§ —p! (E)VQp) from (23)
Av=A(p)=p (n|dp\i 1 0(1)) from (24)
Since |dp|% =1+ o(1) on an asymptotically hyperbolic manifold, we end up with

2 [y PS(Y) (%, %) (.Y du(o) = [

M

dp .\ 5,dp .
+/ PP (= Y) = m)gdo(g).
» <p >g<p )gdo(g).

The following lemma establishes a Korn-type inequality for the Killing operator S

{0+ 32642+ o<1>}<%,Y>§du<§>

Lemma 13. Assume M has no inner boundary. Then for all § > —(n + 1)/2 and
d # —(n — 1)/2, there ezists a positive constant ¢ = c¢(g,d) such that for all 1-form

Y e WH(T*M),
1Y ]|12-5 < ¢ [[S(Y)||2-s-

Proof: Here again we base ourselves on the proof of Theorem 1 but for the operator
S. Lemma 2.8 from [5] (for g with N = 0) replaces Lemma 1, in order to get a Korn-type
inequality

Wle-s < c(llSE) = trg(SY))gll2—s + |[Y]2,-5)
< c(ISWllz -5 + 1Y 1]2,-6) 5
where ¢ = ¢(g, ) is a positive constant.

We now use Proposition D12 from [5]: Let (M, g) be a conformally compact manifold

with § = p~2h . For all § # —(n + 1)/2 and § # —(n — 1)/2, there exists two constants
cs > 0 and p. 5 > 0 such that for all differentiable vector field Y compactly supported in

{p <pest:

1Y 1l2-5 < 5 [1S(Y)[2,-- (35)
Defining R such that p, 5 = e 2% we set Q as in Definition 1 and we have (35) on M\ Qg,
as in hypothesis of Theorem 1. The rest of the proof is analogous to the one of Theorem
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1 and we can choose R large enough so that for all Y € €>°(T*M) ,
V125 < e ([1SO)llos + 1Y ll2-s0)

Hence, the operator S WL?(T*M) — L2 5(T* M) has a finite dimensional kernel. So we
can write W'7(T*M) = kerS @ (kerS)*. From then, there exists a positive constant ¢
such that for all Y € (kerS)*,

1Y ll2,-5 < el|S(Y)]|2s-

It remains to show that ker SNW2 = {0}, V6 > —(n +1)/2.

For that matter, we use the coordinate system (z' = p,2?,...,2") = (p,0) on a neigh-
borhood of the boundary [0,¢] X J,,M that we may find in [5]. From the expression of
the defining function p, the metric g can be written:

g=p"h=p2(dp* +4(p)) with §(p)(D,,.) = 0.
The same conventions and notations as in the paper are in order: the index p will be
the radial coordinate one whereas indices relative to tangential coordinates will be desig-

nated by latin capital indices. Finally lower case latin indices designate any components.
Christoffel symbols, in this coordinate system, are given in [5], just as the equation

which becomes the system:
0,X,+p'X,=0 (37)
0pXa+ 04X, + 207" X = 7P (p)Gpa(p) X =0 (38)
0aXp + 05 Xa =20 {p(0) Xo + (Gas(p) — 207 948(p) X, = 0
where f':=0,f.
Solving equation (37) give
X,=p 'K(0).

As the metric g is polyhomogeneous , g can be written as a development of powers of p
and In p, and the first terms only contain powers of p. We set

~CD At . mC
9 " gpa =T7},

where T' is and order two tensor whose development is
T5(p,0) = p'TS(0) + o(1).
Andersson and Chrusciel have shown in [2]| that the solution X of
(A —Ricg)X =0
is also polyhomogeneous
Xa(p,0) = p°Za(0) + o(p?).

Replacing in equation (38), we find s = —2 and X4 = p~2Z4(0) + o(p~?).
We obtain the form of the solution of (36) near the boundary

X = p 'K (0) dp+ [p2Z4(0) + o(p~?)] dz.
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Moreover, X € Wif , leading to Z = 0.
Indeed, suppose Z # 0. The g-norm of X is
2 L 212 1 A 7|2
| X5 = p°|K|; + p |23,
with |K|?7 ~ \Z\g ~ p?> O(1).
|X\§ ~ p20(1).
Consequently

13
Xlles <00 & [ IXEp o dp < 0
0

15
= / p—2p—26p—ndp<oo
0
&S —20—n—2> -1
& i< —(n+1)/2.

Given that § > —(n+1)/2 , then X ¢ W'7. Hence, Z is necessarily null near the bound-
ary. Analysing the X development coeflicients, we realize Z = 0 lead to | X|; = O(p*).
We conclude the proof using the unique continuation theorem from [15]. .

6. THE CONTRAINT OPERATOR &

Let M be a n-dimensional connected non compact oriented manifold. We consider M
as a spacelike hypersurface of a (n + 1)-dimensional Lorentzian manifold (A, ), from
now on refered to as spacetime. We will distinguish the two manifolds by different indices:
Latin indices will take values from 1 to n and are spatial indices whereas Greek indices

will take values from 0 to n and are spacetime indices. K is the second fundamental form
of M in NV defined by

K(X,Y) = (X, YVyi), (39)
where OV is the spacetime connection on TN, X,Y € TM and 7 is the future-directed
unit normal to M in N. It is convenient to consider the conjugate momentum 7 as a
reparametrisation of K

7 =77 /g with 77 = KY — tr,Kg". (40)

where /g is the volume measure of the metric g.

_ Vdetlg) .
Nz Jaet(3) 1(g).

Remark: V(,/g) = 0 since the covariant derivative of the volume form is null.
7 is a section of the bundle ST M whereas 7 is a section of the bundle S = S$?°TM ®
A3T* M. We consider a smooth and polyhomogeneous asymptotically hyperbolic metric ¢
asymptotically hyperbolic on M as model. We ask ¢ to satisfy the following integrability
condition

Riem gijir — Gudsn + Ginds € L. (41)
In particular,

Ric g + (n — 1)gu € L. (42)
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For any sufficiently regular Riemannian metric g on M, we define the constraint operator
D = (Py, P;) = P(g, ) as follows:

Po(g,m) = (R(g)—2A— K3+ (tr,K)*) /g
= (R(g) —20) Vg — (I7l; — 55 (trym)%) /5. (43)
‘I’i<g, 7T) = 2<VJKU - Vl(trgK))\/ﬁ
2gijvkﬂ'jk = ngvk?r']k\/g (44)
We set )
K=rg, (45)
where 7 is a real parameter.
The cosmological constant A is normalized here in dimension n by

2A =n(n —1)(7? — 1), (46)

so that ®(g, K) = 0 at infinity. Taking the g-trace of (42) considering (46), we end up
with the integrability condition

R(G) —2A +n(n —1)7% € L3. (47)
The conjugate momentum 7 is then
i = (K" = trgKg") dpg) = 7(1 = n)g” dp(). (48)

Remark : V# = VK = 0.
If the spacetime satisfies Einstein’s equations, the normalisation chosen insures that the
constraint operator and the energy-momentum tensor are related by

<I)oz = IGWGTﬁa\/E,

where G is Newton’s gravitationnal constant. & = (N, X?) is the lapse-shift associated to
the spacetime foliation. We study the constraint operator ® for Riemannian metrics of
the form g = g + h. g is asymptotic to g, i.e.|g — g|; = |h|s — 0.

o

S := S?T* M is the bundle of symmetric bilinear forms on M. S = S2TM @ A3T* M
is the bundle of symmetric 2-tensors-valued densities (3-forms) on M. T := TN is the
spacetime tangent bundle. The following spaces will be of particular interest in the sequel:

G = WHS).
K = {7T:7T—7°T€W51’2(§)}.
Gt = {9:9-9€G,9>0}.
o= {gegdti g<g<Algr, 0< A< 1.
L = L3(T*® AT*M) is the dual space of £ := L? 4(T).

From (10), tensors in G are Holder-continuous and thus, matrices inequalities in spaces
Gt and G are satisfied pointwise. In particular, for all metric g € Gy, metrics g and §
are equivalent in the following sense

Agij(2) v'v? < gii(@) v < X g (x)v'? | Yo € M Yo € TM (49)

So |95 ~ c|glg =~ clgly = /1.
F = G x K will be the phase space of the contraint operator ®. We will use (g, ) as
well as (g, K) to express coordinates on F.
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Let I' and V (resp. I' and V) be the Christoffel symbols and the Levi-Civita connection
for g (resp. g). We define

k _pk ke
Aij_rij_rij (50)

Remark: A is a symmetric tensor, arising from symmetry of the Christoffel symbols. We
easily show

1, - . .
Al = gMAu; = §gkl(vz’gﬂ + Vg — Vigi;) (51)

The scalar curvature of g can be express with V and Al (see eq. (21) of [4]):
Lemma 14.
R(g) = gijicéjk + gjk<viAjik - VjAzik + AjlkAiil - AjilAkli)
= ¢ Ricgp+Qg™". Va) + ¢"¢" (Viign — Viigi) (52)
where Q is a sum of quadratic terms in g, %g.
This result relies on the following fact:
Lemma 15.
Ric gjr, — Ric gjn = ViAf, — VAL + ANAL — Al AL, (53)
Proof:

Ricgjk - Ricéjk = aiAjik - 8inik + [FliiFjlk - FliiFjlk] - [Fkl ‘Fjil - Fklirjil]

(2

= O A = AN+ ALA] + fliiAjlk + fjlkAlii]

7

_[AkliAjil + FkliAjil + FjilAkl i
We end the proof adding and substracting r jl ALY o

Here we show @ is a well-defined mapping between the Hilbert spaces F and L*.

Proposition 5. Set (g,7) € G x K , with 0 < A < 1. Then in dimension n =3, for all
0 < 0, there exists a positive constant ¢ = ¢ (A, g,0) such that

1Po(g, ) s < c(1+1lg = all3as+ lim = 7l325) (54)
1919, M)lks < ¢ (VG = Dlas + [Volhas+lim = Flhas))  (55)
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Proof: From R(g) expression (52), we can write
Po(g,m) = (R(g) —2M)vg — (|7l — 75 (trgm)*]/V/g
= [R(9)-R(§) +R(g) - 2A4n(n - 1)7* —n(n - 1)7°]\/g
=(lm = &5 = 7[5 + 2(r — 7)iy77 + 2|7]3)/v/g
+n 1 [(trg(ﬂ - 7)) + (trgﬁ')2 + 2trg(77 — ) trgﬁ/\/g
= [R(9)-R(g) + R(g) — 2A+n(n — 1)7'2 —n(n—1)7%]/g
—[|7r g +2(m = 7)) + |7lg — 5 (trg7)*] /g
T l(trg(m — 7)) + (g — g)zﬂ”) +2(g = )ity + 2trg(m — 7) try7]/ /g
= [R(9) = R(9) + R(9) — 2A + n(n — V)7*)/g — |7 — 7[5 + 2(m — 7);577] / /g
ot l(trg(m = 7))* + (9 — 9)is77)* + 2(g — §)iy7 trg + 2wy (7w — 7) try71] / /7.
Since g € Gy, we can use (49) and from Cauchy-Schwarz inequality and 2ab < a® + b?
[@o(g, ™y < [IR(9) — R(9)]; + [R(9) — 2A + n(n — 1)7*|3]\/g
tel+jm =7y + 19— al)/ Vo
From (53), Ricg — Ric§ ~ VA+ A2 ~ (Vg)? + gV2g + g 2(Vg)>.
Using (13),
(clIVgI[ 25 + € lIV?0][2,)
cllg = gll22,-s-
In particular, we have the following integrability conditions
Ricg — Ricg € L3. (56)
R(g) — R(9) € L} (57)

||Ricg — Ricgllas <
<

Thanks to (57),(47) and (14),

1®0(g, m)ll2s < ¢ (L4 1w = 7)*|l2s + [1(g — 9)°[]2.5)
< c(UHlm =7l o +1lg — 9l1220) -
Hence, ®o(g,m) € L*.
Regarding ®;(g, w) , using (50),

®i(g, ™) = 29;5(Vi(m — )% + A7 (m — 1)) + A 7).
Considering (51), ®;(g, ) is of the form

®i(g,7) =~ g(V(r —7) + g Vg (x — %) + g 'Vgr). (58)
1®i(g, 7)||25 < c([V(m —7)||as +||Vg (m — 7)||os + || Vg 7o)
< (Vi = )las + IVl zsl T — 7126 + [Vl |25 c00)
< c(|IVm = D)las + [|[Vallas(1 + |7 — 7]|1.26))-

Proposition 6. Let (g, 7) € F. Then in dimension n =3, for all § <0
D F — L* is a smooth map between Hilbert spaces.
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Proof: We recall the proof of [4] for completeness. From Proposition 5,
1@ (g, m)||c» < e(1+]lg — gl|g+ ||m — 7|[%) , i.e. @ is locally bounded on F. The polyno-
mial structure of the constraint operator allows us to show @® is smooth, i.e. indefinitely
differentiable in a Fréchet sense. From the expression (52) of scalar curvature and given
(58) , ® can be expressed as

®(g,m) =F(9,97",/9,1/v/9. Vg, Vg, 7, V),
where F' = F(ay,...,as) is a polynomial function quadratic in as and a; and linear in
the remaining parameters. The map g — (9,97}, V9,1/4/9) is analytic on the space of

positive definite matrices and the maps g — Vg, ¢ — V?g and 7 — V7 are bounded
linear, thus smooth, from F to £*, which are Hilbert spaces. A result from Hille [13] on
locally bounded polynomial functionals shows ® admit continuous Fréchet-derivatives of
all orders.

The set C = {(g,7) € GT x K : ®(g,7) =0} := ®71({0}) C F is the set of initial data
for the vacuum Einstein’s equations. To prove that C is a submanifold of F, we show that
0 is a regular value of ® , so we are interested in the surjectivity of the differential of ®.

7. EXPRESSIONS OF THE LINEARIZATION OF ® AND ITS ADJOINT

In this section we recall the expression of the linearization of ® and its adjoint that we
may find in [4] or [9] for example.

Proposition 7.
D®o(g,7)-(h,p) = (V'V’hi; — Agtrgh)\/g — hy[RY — 5(R(g) — 20)g”]\/g
+hij (Ftrgmm® — 2w + Sw |2 g — m(trgw)Qgij)/\/ﬁ
+pY (g trgmgi; — 2755) / /9. (59)

Dq)i(g, W)(h,p) = ij(kahij — Vlh]k) + thjvkﬂ'jk + QQZkV]p”“ (60)
Using notations of [4] ,
M= VR
EY = RY—L(R(g)—2\)g".
07 = (Ztrgrr? — 2™ 4 L r|2 ¥ — Q(nl—l) (trym)*9”) /(V9)*.
We can express D® in the matricial following form
0g0, — Agtry + 11— E) —2K h
TV + 2047 20, p |’

with #Vh = 7V, hyy = (2/*6] + 716k — 7¥67)V 1 hyy.

D®(g,7).(h.p) = [ Vil (61)

To prove surjectivity of the differential of ® | we investigate injectivity of the adjoint
operator. Integrating by parts and ignoring boundary terms leads (cf. [9] for example) to
the expression of the formal L*(du(g))-adjoint of D®(g, ) :

/ D®(g,7).(h,p) (N, X*) = / (h.p) » D®(g,m)"(N, X').
M M
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Proposition 8.
(h.p) ® DBo(g,7)'N = hy[V'VIN — gIA,N — [RY — 1(R(g) — 20)g"IN]y/g
+Nhi (Etrgrm = 2mr + 3] 0 — 5t (trgm)?) [/
+NpY (A tegmgi; — 2mi5)/v/9-
(h,p) @ DBi(g, 7)* X" = hij(X*Vr + V. XEr — 2V, X Urdky — 2p'iv X .
Then we can put D®* in the matricial form

VIV =g+ 11— E) Vw—frV] [N] ’

(62)

with
(Vi —#V)X = Lxm=Vxr? -7V, X"

D®(g,m);.¢ and D®(g,m)5.£ will denote the two components of D®(g,7)* in (62).
L3¢ (resp. W;VE) is the set of terms of the form u & (resp. u V&) such that ||ul|ss < C
(resp. ||ul|125 < C ), where C'is a constant depending on ¢, and ||(g, 7)||£.

D®(g,m)1.& = [ViViN = gi;8sN + (Ilij — Eij)IN]/g + (Vr = 7V) X
— D®(g,0)* (N,0) + II;N\/g+ (Vr — #V)X (63)
(Vﬂ' — ﬁV)X = kakﬂ-ij - (W]Z?(Slj + ﬂl;éli - Wij(;lk)kal
— L2X +WPVX 4 (n— D7(25(X) — jtr; S(X)).
H(g,m)N = LIN+1I(3,#)N
= LiN+—i(n—1)(n—4)7°gN.

So we have the integrability condition

(g, 7) + 3(n— 1)(n — 4)7%g € Lj. (64)
Taking into account (42) and (47),
E+(n—1)§—in(n—1)7%g € L. (65)

On one hand,
D®(g,m);.6/\/g = VN —gAN+(n—1)§+ [+ 1(n—1)(n—4)7°]N

+(n = 1)r(29(X) = §tr;S(X)) = [E+ (n = 1)§ — gn(n — 1)7°§|N]

—(n —1)(n—2)72GN + L26 + W, *VX

= V2N — gA,N + (n—1)g+ (n — 1)7(25(X) — §tr;S(X))

—(n—1)(n —2)7%GN + L + W}V X, (66)
On the other hand,

D®(g,m)5.6 = —2KN —25(X)

= —2(8(X) + 7gN) + W, €.
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From the definition of the operator T'= V2N — Ng and the expression of S as a function
of D®(g,m)5.&, we obtain

D®(g,7)i.6//g = T —gtr,T+ (n—1)7(2S(X) — §tr;S(X))
—(n —1)(n —2)7°GN + L2 + W}V X, (67)
D®(g,m)5& = —2(S(X)+7GN) + W, % (68)
It is useful to restructure D®* into the operator P* defined by

V4(VIV;N = 05AgN + (I — ES)N) + g4 Ly
¥(£) _ pr _ g J i=yg = V) T 9 X7
10 x
- ¢o| g g |onlne (69)
where ¢'/* = (det(g)/det(§))"/* du(g) is a density of weight 1 and
-1/4 . 0
¢=((g9) = [ g Og]k gl/4gik } : (70)

Finally, we can put 7 (¢) into the form

. A D®(g, )}
Po(©) = ( G DRemie ) ™

Expression (69) of P* allows us to rewrite the L?*(du(g))-adjoint of P* as follows
1 0
Plgm = D®(g,m) o | og, (72)
0 —d,

with 6,¢ = V'(g’) so that P( : q)) = D®(f;;,q’) and so the composition PP* is well
defined.

8. ELLIPTIC ESTIMATES RELATIVE TO THE ADJOINT
In this section, we gather elliptic estimates satisfied by the adjoint operator D®*.

Proposition 9. Set § €] — (n+1)/2,0], withn =3, and 6 # —(n—1)/2. There exists a
positive constant C = C (g, A, 6, ||g|| ) such that the following elliptic estimate is satisfied:
VE € WAH(T)

1€ll22,-5 < ¢ ([|1D®(g. 7)1 Ell2,-5 + || DR(g, 758 h2-5) + CllEl L1225, (73)

Proof: Considering expression (68) of S as a function of D®(g, 7)3.€,
T —gtr,T = D®(g,7);.8/\/9+ (n—1)7(D®(g,7)5.6 — 1Gtrs DB (g, 7)5.€)
+L2E+ WIAVX (74)
From Proposition 3 and (8),
INlba-s < c(IDB(g.m)ill2s + (0= 1)7 (1453 DB(g, 7)€ |s.-5)
+C (|1€]lo0,—25 + V€] 13—25)-
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Using (15), (16) and Sobolev inclusion (§ < 0), there exists a positive constant
C=C(g,A0,]|g||F) such that
INllo-s < e (IIDB(g,m)7Ellas+ (0= 1)7 (14 5)2 ]| DD(g, 7)5]]2,-5)
+e |[€ll22,-5 + C[€]]1,2,~25- (75)

Besides, for every sufficiently regular 1-form X on M, we have the following identity for
the metric g (cf equation (29) of [4] for example)

%i]XZ = %k%sz = Rieméijlel + %ké’( )ZJ + V S( ) V S( )Jk, (76)
Hence
IV°X|lo s < ||Riem g X]ls, -5+ ¢[[VS(X)[[2,-s
< e|IXlas + e [[VS(X)]]2,-s- (77)
A consequence of Lemma 13 is
1X 12,5 < 11X 12,5 < €[[S(X)]l2,-s5 (78)
which imply, with (77)
VX (|25 < IS 2, (79)

and considering (78),
1X]|22,-5 < €1 [1S(X)|]12,-s-
From (68) and (15),

19(X).2,-5 < §1ID®(g, ™)5.6ll1.2,-5 + nT |[N[l12-5 + €ll€ll22-5 + C |[€]|12,-25.  (80)
Thus there exists a constant C' depending on g, A, ¢, 6 and ||(g, 7)||+ such that

IX 122~ = ner T[N [12,-5 < G| D®(g, 7)3:ll1.2,-5 + €l[Ell22-5 + ClI€] 12,26 (81)
We can choose £y << 1 so that (75) + £0(81) combine to yield (73). .

Remark: it may be possible to extend this result to § = —(n — 1)/2 using operator U
introduced later on.

Combining Proposition 9 and Ehrling inequality (11), we get

Corollary 3. Let 6 €] — (n+1)/2,0], withn =3 and § # —(n —1)/2.
Then the following estimate is verified: V& € W2 (T) |

1€ll22,-5 < ¢ ([[D®(g, 7)1 &ll2,-5 + [ DR(g, 7)5.&12,-5) + ClIE] 226, (82)
where C' depends on g, \,d and ||(g, 7)||F.

The next lemma will be very useful during the proof of proposition 10 since it is the
Time-symmetric version.

Lemma 16. In dimensionn =3, let 6 <0, then the operator
D®(g,0)* (.,0) : W M) — L*4(S) is bounded and depends on g in a Lipschitz way,

| [D®(9.0)" = D@(5,0)] (V.0)|, < Cllg = 3llx IN]]az.5. (83)

where constant C' depends on §,46, ||g||= and ||g||F.
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Proof: Let us recall the expression of D®(g,0)*
D®(g,0)".(N,0) = [ViV;N — g;;A;N — [Rij — 5(R(g) — 20)g5IN]V/g.  (84)

2

Let us begin by showing D®(g,0)* is bounded. In order to do this, we introduce the
operator O acting on functions

O(N) =V?N —gA,N (85)
and we notice that O(N) = L(V?N) where L is a linear invertible operator, so
10ll-5 < ¢l[V2Nllas = ¢ (I[V2Nl[as + [|AdN]lz, )
< C|N|[22,-6
Indeed, AdN ~ g~'Vg dN. Using Holder inequality (8) , (13) and Sobolev inclusion,

[AdN|lo—s < 197 ool VgdN||2,—s
< ¢||Vglliasl|dN||12,-25
< C|N]l22,-s- (86)

|1D®(g,0)".(N,0),/Vgll2-s < [|Olla,—s + [[(Ricg — Ric g) N2, + [[(n = 1)gN||2,-s
HI[Ricg + (n — 1)g] Nllz—s + [I3n(n — 1)7* g N2,

#3028+ nn - 1) g

Considering (56), (42),
||(Ricg — Ricg)N||a—s < C||N||22.-s
[[Ricg+ (n — 1)§IN|l2,—s < ¢||N]|22,-s

For the scalar curvature term, using Holder inequality (8) and Sobolev inclusion together
with (47) and (57),

I(R(9) = 2A +n(n —1)7) g Nl2—s < [[(R(3) —2A +n(n —1)7%) g N||2 -5
+[I(R(g) — R(9)) g Nll2,-s
< C|N||22,-s
I(n = 1)gNll2—s < (0= D)[[gllco0l [ N]|2,-
< cl|Nl|z2,—s.
Similarly,
|3n(n = D7%gN[55 < c|IN]22,-5.

We end up with

1D@(g,0)".(N,0),/Vgll2,-s < C[IN]22,-5
and finally

ID®(g,0)".(N,0)[|2,—5 < Cl[V/9llso 0l INll22-5 < C[IN|]22,-5, (87)
where C'is a constant depending upon ¢, d and ||g||#.

Proof of (83): V ,A ,Ric(j) and R(j§) will denote The Levi-Civita connection, the
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Laplacian, the Ricci tensor and the scalar curvature of the Riemannian metric g.
In order to lighten notations, we set

D®y(g)*N := D®(g,0)* (N,0) and D®P¢(g)*N := D®(g,0)" (N,0)

[D®o(g)* — D®o(3)*IN = (V7 — V/7) D(I)(i/ﬁ N+\fgv[D¢>(jg)*N_D¢(ig)*N}
|iD®o(0) ~ DR V|, < 193l HM
D®¢(g)*N  D®o(g)*N
+CH N — \/g . (88)

(DRola) N _ Do) Ny

Ve N = (V=V)dN + gA,N — §AN — [Ric(g) — Ric(§)]N

+5[(R(g) —2A)g — (R(7) — 2M)g] N

< (V= V)dNlls, 5+ [lg AN = GAN] |5,

"D@O(g)*N _ D&(§)°N
V9 V9

+1[[(R(g) — 20)g — (R(g) — 2A)g] NHM
—||[Ric(g) — Ric(g)]N||a,—s.

e For the Hessian:
V-V=("'~5"YVg+3§ V(g 9. (89)

Using Holder and Sobolev weighted inequalities, Sobolev inclusion (§ < 0) and
(13),

(V= V) dN|ls,5 < C|lg = §ll226|IN]22, - (90)
e For the Laplacian:

gAN —GAN = gAN—GAN +GAN — AN
(9 — AN + G(A,N — AN) )
= (9-9)97'VAN +g(g~" = g7 )VdN + g3~ (V = V)dN.
Using Holder inequality (8), Sobolev inclusion (6 < 0) and Sobolev inequality,
19 AN = GAN|l2 5 < cllg = §llans|[VaANIs s+ ¢[[(V = V)dN]]s .
Considering (86) and given that V ~ A + v,
IVdN||s,—5 < C'|[N]2,2,-5 (91)
Using (90) and (91) , we get
lg AgN = GAN||25 < Cllg = Gll22sl[N]22,—s.
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e For the Ricci tensor:
We define A}, =T} —TF.
Set T:=V -V =§"'"Vjg—g'Vg= (9" =5 )Vg+3i'V(g—q).
Using Holder inequality (8), Sobolev inclusion (6 < 0) and Sobolev inequality,
1 Th2s < Cllg—gll22s- (92)
We can show, adding and substracting Ric(g) and using (53), that
[Ric(g) — Ric(§)]N ~ (VT + AT + T*)N ,
which leads to
|[[Ric(g) — Ric(g)]N||2,—s < ||VTN||2 5+ ||ATN||2 5+ TNl -s. (93)
Using Hoélder and Sobolev inequalities along with Sobolev inclusion (§ < 0) and
(92)
IVTN|l2—s < Cllg = §ll226lINl22,-5
The same method for the term ATN gives , considering (13)
IATNo, -5 < Cllg = dllansl[Nllo2, s

Using (8) , (14) , Sobolev inclusion (§ < 0) and Sobolev inequality together with
(92)

1TNl2—s < Cllg = 3ll326/ IV l22.-5-
Replacing in (93), we obtain
|[Ric(g) = Ric(9)IN|]2,—5 < Cllg = glla26][Nll2.2,-s- (94)
e For the scalar curvature,
(R(9) —2M)g = (R(g) —2M)g = (9 - 9)(R(g) — 2A) + §g~' (Ricg — Ricg)
+g(g™" — g ")Ricg
= (9-9) [R(g) =20+ n(n — 1)77]
—n(n —1)7%(g — §) + g5~ ' (Ricg — Ricg)
+3(g7 =g h ){Ricg — Ricj}.
Hoélder and Sobolev inequalities as well as Sobolev inclusion (6 < 0) and (94) yield
I[(R(g) = 2A)g = (R(g) = 2M)g]N|l2.—5 < Cllg = gll226/[Nll22.5
given that Yu € L, Vo € L} such that [[uN||s,_s < C||N||22.s ,
g =g)uvNlla—s < [lg = Gllocolltllocol[vN]|2, -5
< Cllg = gllz2sllvll26]Nl22,-5,

where C' is a positive constant depending on ¢, 6 and ||g||#.
Putting the pieces all together in (88) and taking (87) into account lead to

IID®o(9)" = DPo(9) N |l2,-5 < C'llg = Gll2.2.6l[ V225

The dependence in (g, ) of P* is controled as follows :
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Proposition 10. Let § < 0, then in dimension 3, the operator P* : W3 (T) — L?;
s bounded and satisfies

1€l2.2,~5 < [|P7Ell2,—5 + ClI€]1.2,-20 (95)

where C' depends on ¢,6 and ||(g,7)||#.
Moreover, P, _, depends on (g,m) € F in a Lipschitz way,

(PG — Pi7) Ellz—s < Cill(g — g, — T)[|7 |[]l22,-5 (96)
where constant Cy depends on g, 9, ||(g, 7)||x and ||(g,7)||#.
Proof: Let us begin by showing P* is bounded, i.e.

[P &l[2,-5 < C [|¢]l2.2,-5- (97)
Set
P =Py m
D® = D®(g, )}
D®; = DP(g,m)5
From (71),

[P Ell2-s < c([|[DPLE]l2—5 + [[VDP3.E]]2,-)
< c([DPEl2 -5 + |[VDR3L[2 -5 + [[AD R E][2,-5)- (98)
From (67),(8), (13), Sobolev inequality and inclusion (¢ < 0)
D@1 &llo-5 < e (IITla-5 + 1S(X) 2,5 + [[N]l2,-5) + C (1€l [oe,-25 + [[VX[1,2,-25)
< c([INfag—s + [ X125 + [IN]l2.-5) + C ([[&] |25 + [[VX|12,-5)

< Oz (99)
From (68) along with (8), (13), Sobolev inequality and inclusion (§ < 0)
1D®5.&ll5,-5 < ¢ ([[SX)l2—5 + [[Nlla,-5) + C [|€]1,5,-25- (100)

|AD®5.£|5 5 < ¢ ([[AS(X)||a—s + ||AN|]2—5) + [1€]]s0,—25

<
< C(1SX)12,-6 + |IN]|12,-5) + ||€]]22,-2
<
<

IVD®5.£la 5 < c([[VSX)|lo—s + [IVN]|2—5) + [|€]]co—25

Cl¢]l2,2,—s-

Consequently;,
I1D®3.|2,—6 < [[DP3E 1,25 < Cl]]22,-5- (101)

Every term of (98) is controled by ||¢]]2,2,—25 leading to (97).
Estimate (95) verified by P* directly comes from (73). We now look into the Lipschitz
behaviour of P*:
Set
P =P
D&t = D®(§,7);
D®; = D®(§, 7);
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~ VA DP* ¢ — g VA DPEL E
* * g g .
(P*=P)¢ = 1/4 : _sl/AT = =\ rp )
G/AND®:.E — GAVDPLL

So
[(P* = P*)€|la—s < |1 Ell2—s + || Fll2.—s. (102)

E = ¢g'/'D®i¢— GV DP¢
= (V' =g ) DRLE+ g (DRLE - DL,
Using (8), Sobolev inequality and inclusion (6 < 0)
1Bllo—s < [[(g7* = 37" D@1E[os + 17" (DB]£ = DETE)|]s,-5
< cllg = GllF|ID®] &[5 + c|[DBTE — DB} E]2, .
From (63),
D®;.{ - D®;.& = [D®(g,0)" — D®(3,0)"] (N,0) + (IIy/g — /3N + XV (r — 7)
+(m = A)VX + AX (7 — 7).
Using (8), (13), Sobolev inequality and inclusion (6 < 0)
[(m = )V X o5 + IXV(T = D)llo5 < lm = 7lh2al[ VX [12-25
HIV (T = )26/ X oo, 25

< cllm =Tz [1X]]2,2,-5-

[AX (m — 7)||2,—6 < AT — 7)|2,5]| X |00, ~25
< Ol = 7|2 [1X]]2,2,-6-

H\/E—ﬁ\f -~ %g—%z_\}gg—%#
1 —1_ ~—1\_2 L 12 _ %2y 4 L_i G2
~ %(g g )m \f ( )+ <f f)

I(0y/g = TIN5 < Cll(g =g, m = D)||#l[N]l22,-5-
Given (83),

|D®}.6 — D&} &l 5 < Cll(g = G, 7 — 7)€ |22,-5

and taking (99) into account,

1El2—s < C[(g = g, 7 — 7| #lI€]|2,2,-s- (103)

F = ¢'/AVD®:¢c— G VD®s.¢
g (V = V)D®3.& + (94 = §/*) VD®L.L + gV V(DB — D3.E).
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Using (89),(8), (13), Sobolev inequality and inclusion (6 < 0)
1Fllas < eIV = VI[1asl[DB5E 12,25 + [g"* = §*]]0c sl [V DP3.E]]5, 2
+¢||V(D®5.E — DB.E)||os + || A(DPS.E — DBE)||2—s
< Cllg = Gll#||D5El 19,95 + ¢ |]g — G2V DBEE] 5,5
+¢||V(D®5.6 — D®5.6)||a,-5 + ¢ || A(D®S.E — DB3.)||,s.
Considering (100) and (101),
1Fll2-s < Cllg = dllFlIEll22-s + || V(D®5.6 — D®B5.E)[2,s (104)
e[| A(D@LE = DLE) | 5.

D®3.E — DPLE ~ (K —K)N+ (A— A)X
~ (T —7)N+(V-V)X.
Using (89),(8), (13), Sobolev inequality and inclusion (6 < 0)
V(D@56 = D5.6)llo—5 < eIV = T)llaslNllo25 + cllm = 71,25 [ VN |1,2,-25
HIVV = V)24l X Joo—25 + IV = V|12l VX ||1.2,-2
< cllm =7 lhzsllNlog—s +cllV = Vsl X l22.-5
< Clllg =g, 7 = D) #lIEl2.2.-5-

In the same way,

|A(D®3.& = D235 < clJAM = )|zl [ Nloo,-25 + AT = V)]26]| X[ 00,25
< Clllg =g, m = 7)|#l€]l2.2.-5-

We deduce from (104)

1Fll2-s < Cll(g = g, m = ®)||7[[€] 22,5 (105)
and the estimate (96) arises from (102), considering (103) and (105). -

We show in the following proposition that the estimate (82) of Corollary 3 is also
verified by weak solutions & only in L?4(7). We say that £ € £ is a weak solution of

D®(g, 7)€ = (f1, fo) , with (f1, f2) € L24(S) x W'2(S) when

[ €000 i = [ (s )y Vi) € Gx K-
M M

It suffices to test with (h,p) € €°(S x S) since this place is dense in G x K.

Proposition 11. Let § €] — (n+1)/2,0]\{—(n —1)/2} withn =3 , (9,7) €G" x K,
(f1, f2) € L25(S) x W'2(S). Let € € L be a weak solution of D®(g,7)*¢ = (f1, fa).
Then € € W*2(T) is a strong solution and satisfies (82).

Proof: In [4], Bartnik shows that £ € VVliC2 We can find a cut-off function ypz as in
Definition 1 such that

® Xr € €X(R).
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® \R — 1 on QR/Q.
In particular, yg& € Wf;(T) and from Proposition 9 , we can write:

IXREll22-5 < c([D®(g, 7)1-(xrE)|2,~5 + [|DB(g, 7)5-(XxrE)1.2,-5) + C |[€]]2,s,
(106)

using Sobolev inclusion (§ < 0) and considering that yz¢ converge to € in L% ;. We have

to show that ygr¢ is uniformly bounded in Wi? , i.e. bounded independently of R. In
order to do so, we adapt S. McCormick’s method found in [17]. From (66) and (68),

D®(g,7);.(xr€) = xr(D®(g,7);.(€)) + N V>xr+dN Vg + X Vg + W52 Vg
D®(g,m)5.(xrE) =~ Xxr(D®(g,7)5.(§)) + X Vxg.

As derivatives of xp are supported in Ag := Qr\ Qg2 , we can use (8), (15), (16), Sobolev
inclusion (0 < 0) and Ehrling inequality to obtain

ID®(g,7)7.(xr)l2—s < c([Ixr(D®(g, 7);.())|l2,—6 + [|N VXR||2,-s
AN VXR|2,—5 + || X VXR|2,—5 + ||E WS VXR||2-6)
< ¢||[D®(g, 7)1.(l2—s + ClIEll2,-645 + €l VE]|2,—545
(107)

where C'is a constant depending on ¢, A, €, and ||(g, 7)|| 7.
Likewise,

[D® (g, 7)5-(XRE)|1.2,-5 ¢ (IIxr(D®(g,m)5.()),2,-6 + 11X VXll1.2,-5)

<
< cllD®(g,m)5-(E)h2-5 + C 11X [o-sian + €l V2X |25

(108)
Plugging (107) and (108) into (106) yields
Ixrtllba s < clDB(g, )i (E)llas + DB(g, 7)) llas + ClIEl s
+el|V€|l2.~5:4,- (109)

Equation (85) allows us to determine the following link between operators O and T
O=T-gtr,T —(n—1)gN
and we deduce from (74)
O = D®(g.7)1/\/a+ (n— D7 (DB(g,m)5.E — bijtr;DB(g, 7)3.6)

FL2E+WPVX — (n—1)gN. (110)

Since O(N) = L(V?N) with L a linear invertible operator, we also get
IVEN]l2—s < [|O]]2,—s;
leading to
IVEN]o—s < ¢ (/|Ol]z—5 + |AdN|l2—s) (111)
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From (111), (110) and using (8), (15), (16), Sobolev inclusion (6 < 0) and Ehrling in-
equality, there exists a constant C' depending on g, A, ¢, and ||(g, 7)|| such that

IVENlo,-5 < e (I1D®(g, m)7Ell2-5 + [|DB(g, m)35.€][2,-5)
+e [V |25 + C [[€]]2.—s. (112)

Moreover, combining (79) and (80) and using Sobolev inclusion (6 < 0) and Ehrling
inequality, we get

IV2X |25 < ¢||D@(g, m)5-l 12,5 + €l V€25 + O |I€] 2,5 (113)

Now combination of (112) and (113) gives
IV2€llo,-5 < ¢ (I1DB(g, 1)7Ell2,-5 + [|DD(g, m)5.El[1.2.-5) + C [[€]]2,-5- (114)

Given that £ € W?7(Ag) and that all the inequalities used to obtain (114) are valid in
particular on every compact set, we have the following local estimate on Agr

V2|2 540 < c(||DB(g,7)1El|2—5:an + || DB(g, 7)5E][12,-5.45) + C||€]|2,—5.45
< c([[D®(g, 7)} £ll2-s + |[[D®(g, 7)5.£][1.2,-5) + C |[€]]2,-5- (115)

Finally, equation (109) leads to

Ixréll22-s < c(||D®(g, 7);-(E)l2—5 + [|DB(g, m)5.()1,2,-6) + C[|€] |2,
< c(Ifillo=s + [ f2ll12,-5) + C |1€]]2,s-

X g€ is then a Cauchy sequence in WE?, and so converge in Wi? As x g€ converge to & in
L2 , uniqueness of the limit implies that x ¢ converge to & in W7 (T). So &€ € W*2(T)
and consequently ¢ verifies (82). o

9. THE OPERATOR U

Here we introduce an operator U inspired by the formula (76). It will allow us to control
the Wf 2_norm of X with the L3-norms of S and U , in other words with the W; 2_norm
of S. The key estimate will arise from a succession of lemmas.

Let U be the operator defined on 1-forms by

ffkj@'(X) = WJX@- — ik Xi + gin X (116)
This readily implies
V2 X2, = € [1X 2,5 < [[U(X)]]2,-s: (117)

The next four lemmas are established on an asymptotically hyperbolic manifold (M, g) ,
with g = p~*h and |dp[? = 1+ o(1) near the boundary at infinity.
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Lemma 17. Let (M, g) be an asymptotically hyperbolic manifold and X € €>°(T*M)
compactly supported on M. ¥ € IR ,

/ VX (2 x)% du(g) = / PP (15t = 0+ o(1))| X3 dpu(g)
M p M

w5 | IXEEL ) o) (118)
| vxe B a@) = - [ (divx<x,%>+<2é+n<x,%>2) au(9)

+/Mp%(l+o(1))|X|§olu(§)
+/8MP (x, dpp><X ngdo(3) (119)

Proof: For (118), we integrate by parts the term V,(|X|§ Vipp?~1) and the result
follows from the Divergence theorem , along with the definition (116) of U and (1). For

(119), we integrate by parts the term V;(X? (X, dp) p*~!) and the result follows on from
the Divergence theorem , along with the definition (116).

Lemma 18. Let (M, g) be an asymptotically hyperbolic manifold and X € €°°(T*M)
compactly supported on M. ¥ € IR ,

| U 0X P dut) = [ VXL duta)

M M
[ 8= 5= 1) = (0= 1) + oI di(i)

3 dp .
[PV = X B L)) do(g). (120)
oM P
Proof: From (116), Up;i(X) g™ X" = (X, AX) — (n — 1)|X 2.
We integrate the term Vk(VkXZX ip?) and the lemma stems from the Divergence theorem

and Lemma 17.

Lemma 19. Let (M, g) be an asymptotically hyperbolic manifold and N € €*°(M)
compactly supported on M. ¥ € IR ,

=k

/ 5 (Os(X >¢sz‘vpp+divx<x,%>>du<é>=
P (25— 5+ <>>[|w<|2 XB du) ~ [ 7 (20 DX L) = X du(a
M M P
1 2,dp 5 2 dp
Q/Wp (VX[ >g—|X|§<?n>g> da<g>+/aMp5<X L)X, do(a)

(121)
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Proof: From (116),

Vk o . Vkp

o d d
Upi(X)Vixi 2L p — V2 xvix L _vx(® x) 4 vx(x, 2

p p’ p)

We integrate the term V(]VX \E?p% ) and the lemma stems from the Divergence the-
orem and Lemma 17.

Considering also the equality 2 |S(X )3 = |VX|2 +V XkaX] we get

Lemma 20. Let (M, g) be an asymptotically hyperbolic manifold and X € €°°(T*M)
compactly supported on M. ¥ € IR,

. o . d
[ G050 2SO = 250X (X, ) d(3) =
M
/M [ —1— 25 + o(L))| X 2 du(d) + /M o VX2 dpu(9) (122)

+ /M p? 20(26 + 1)(X, %g du(g) + /BM P2 (VX(X,n) — 26 (X, %)g@ﬂ n);) do(g),

Proof: From (116), Up;i(X) §* X/ = VZ.XEX7 + (n — 1)|X 2.
We integrate by parts the term Vk(VjX kX7p?) and the result follows on from the Di-
vergence theorem along with (119) and the equality 2 |S(X)[? = [VX 2+ V,; X, VF X7,
We can now prove the following proposition, crucial in the demonstration of the adjoint
kernel triviality.

Proposition 12. Set Ep := M \ Qg , for an open set Qr. For all ¢ > 0 , for all
d €] —2,—1] , there exists R.s > 0 such that for all R > R.; , there exists a constant
¢ > 0 such that

VX € €7(Er) , IX|ha-smn < ¢ (UX)]|2smn + [19(X)|2-5:55). (123)
Proof: The linear combination (121) — $(120) + 1(122) + (33) — 1(34) yields

. A v
/M p® Upji(X) (VJXZ—pp — LM X 1glkXJ) du(g)
. . dp dp dp
+ P 19(X))2 = S(X) (=, =) (X, =
[ (15008 = 50022 (x4
- /M{—52+<"T3>5+n+1+o<1>}|X|§p25du<§>
d ,
" /M {262 =26 = (32 + oD} (X, L) dut)
. . d .
+/ (22 — 6+ 0(1)] |VX|§p25du(g)+/ P L6 = DXL )y do(§)
M OM P

. dp dp . . )
[ (HOXECEL iy + HXECL my + 19X D) — 19X (% X)) o)
oM P P P

)y + (2= VX (X, L)) dui)

(=00 DXy = 35 DL ) d(o) (124)
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Application on Er:  With the same notations as in Proposition 4, since X € €>°(FEg),
boundary terms in (30) will only concern 0Qg. X,, (resp. Xr) being the component of X
normal (resp. tangential) to 0o M, X, := (X,n); and [X[? = X2 + X7.

/ER p* %i(X)(WXi? — 399X+ %é““Xj) dp(g)
+f (S = SO0 )Xo+ (2= D)X X,) di(5)
= [ A 5 L o)X ()
+/ER p* {["T“ — 5+ o()] [VX[2+ [0+ (%57)5 + 25 + 0(1)] XZ} dp(g)
- 30 (XE (1) dot) + / 3 (XE + of1)) oty

+/8E (%I%X@MIE + X2+ VX (X, n) - WX("’X» do(§).
R

Given the following equalities

0<3ViXon' = X2 = $IVXE + 31X]5 - 5VX(n, X)
0<3IViXy + Xil; = VX[ + 11X+ 5VX(X,n)

we get that for all € > 0 | there exists R. > 0 and ¢. >> 1 such that VR > R, ,
‘. /E o (U + 1S(0I2) dulg) > /E P {0+ (552)5 4+ 0 + 1 — e} X3 du(g)
R R

| =6 - VX R du(o
Egr

+ / PG + (557)0 + Bt — e} X du(d)

Er

1

s [ P e-s-axidow
2 Jopg

1

+= / P2 (5 —1—e)X2do(§). (125)
2 OFER

The X? term is non negative if § €] — 2; 2.

The X? term is non negative Vn > 3, V4 €]+ ; 2HL[.

The \VX|§ term is non negative if 6 < (n +1)/2.

The boundary term is non negative if § €]1, 2[.
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Hence, V6 €]1;2[, Ve > 0,3R. > 0 and ¢. >> 1 such that VR > R, ,

‘. /E (UL + $(X)[2) dyu(g) > / o[B8 5 — )| VX2 dpu()

Er

+/ p25 ({_52 + (HT%)é +n+1-— 5}X72, + {52 + (nTJ)(S + % - E}szz d”(é)) d:u(é)'
Egr

10. THE ADJOINT KERNEL TRIVIALITY

In this section we show that the kernel of D®(g, 7)* is trivial. We will need the following
lemmas and propositions in the proof of Theorem 3.

Lemma 21. Let § € IR and £ € W (T) be a solution of D®o(g,7)*¢ = 0. Then
¢ = (N, X) satisfies a system of the form

{f(m — bof + by VE

S(X) = —grN + b€ (126)

with by € L2 and by, by € W2

Proof: From (74) and (68) , D®¢(g, 7)*¢ = 0 leading to
T — (tr,T)g = L% + W, VX, (127)
S(X) = —grN + W€
Taking the trace of (127),
T(N) = L3¢ + W, 2VE. (128)
S(X) = —gTN + W3¢ .
Theorem 3. Triviality of ker D®o(g,m)*.
Let Q C M be a connected open set such that Er C Q. We fix (g,m) € F. Set

§ €] —2,—1] and n = 3. Suppose & € L* 3(M) verifies D®o(g,m)*¢ =0 on .
Then £ =0 on €.

Proof: From Proposition 11 , £ € Wi?(./\/l) According to the Lemma 21 and since &
is a solution of D®q(g)*¢ = 0, & satisfies

T(N) = bo§ + 5165
S(X)=—grN + bs¢
with by € L? and by, by € W,
From (41),
Regarding (76)
UX) = aVS(X)+L2X
— —oTgVN + L2+ W) VE. (130)
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We must show that a solution & of (126) such that &€ = o(p?) (from (12)) vanishes. Before
pursuing the proof of the theorem, let us recall Proposition 3.9 of [4] :

Proposition 13. In dimension n = 3, set 6 < 0 and (g,7) € F. Let 2 be a connected
subset of M. Let & satisfy D®(g,m)*¢ =0 on Q. If in addition £ = 0 on an open set
UcCQ, then=0 on .

Given the previous proposition, it remains to show ¢ vanishes near infinity.  As for
(117), we have
IV2 Xl = 1 X l2 50 < NNU(X)]2,-5:85: (131)
Combine to (123), together with (130), Sobolev inequality and (8), we obtain

X225, < (U255 + [[S(X)]]2,-5:85)
< clINMh2-simn + O ([[€lloo. 2685 + [[VE] |3, ~25:5)- (132)
Using Proposition 4 , there exists g << 1 such that (29) + £¢(132) give

1€ll22, -5 < T l2 s + C (1€lloo, 252 + [ V|3, -25:155)-
Considering Lemma 21 along with Sobolev inequality and (17) with ¢ < 0,

[€ll2.2,—6:8r < CllE]l22, 2685
< Ce"™ ||E]]a2,—5.5p-

We end up with Vé €] — (n+1)/2, —1],

1€]|2.2,-6:50 < C €™ [|€]]22,—5:E5-

For R large enough, ||¢||2.2,—s., = 0 and thanks to Sobolev inequality, { vanishes on Eg,
for R >> 1. From Prop.13, £ = 0 on (2, because {2 is connected by assumption. This
ends the proof of Theorem 3. .

Corollary 4. Set 6 €] —(n+1)/2,0]\{—(n—1)/2}, withn = 3. There ezists a constant
C > 0 depending on ||(g, 7)||F such that for € € W>3(T),

1€l]2.2.-5 < CI[PE]]2,-s- (133)

Proof: In order to show that the kernel of P* is finite dimensional, we apply Riesz
theorem showing every bounded subset of ker P* is || ||22,—s— compact. Let {{} be a
sequence of ker P* such that ||€g||22,—s = 1. Rellich theorem tells us we can extract from
{&} a sub-sequence, also noted {&}, converging in W' to a limit £&. Hence, {&} is a
Cauchy sequence in W'2,. From (73), considering that {&.} € kerP*, {£.} is a Cauchy
sequence in Wz’f, and so converges to & in Wz’f, from the limit uniqueness. This ends the
proof of the finite dimension of ker P*. ker P* is thus a closed subspace of the Hilbert
vector space sz Being a finite dimensional closed subspace of a normed vector space ,
it splits and if we set W to be the closed complement of ker P*,

W22 = kerP* © W.
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From the same argument as in the proof of Theorem 1 , there exists a constant C' > 0
depending on ||(g, 7)||# such that for all £ € W |

1€l]2.2,-5 < C[IP*E]]2,-5 (134)
We conclude thanks to the triviality of ker P* from Theorem 3. .

11. THE SUBMANIFOLD STRUCTURE

Lemma 22. Let X,Y be two Banach spaces and T a linear operator with closed range.

T:X — Y

.Y —» X*©
then (CokerT')* ~ ker T, where CokerT = Y/ImT
Proof: We define
Y:ker T" — (CokerT)" =L (Y/Im T ]R)
p = Ay+TX e p(y))

The map A is well defined because Vo € X, p(Tx) = T*(p)(z) = 0.
The map 1 is invertible and

Yt (Coker T)* — ker T*
A= op where p(y) := ANy + TX).
Note that p € ker T* because T*(p)(x) = p(T'z) = X(0) = 0. .
Remark: The closed range of 7" imply CokerT is a Banach space.

Theorem 4. Let ® : F — L* be the constraint operator in dimension n = 3.
For every e € L* | for all 0 €] —2,—1], the set of solutions of the constraint equations

Cle) :={(g,m) € F:P(g,7) =€}

1s a submanifold of F. In particular, the space of solutions of the vacuum constraint
equations C = C(0) has a Hilbert submanifold structure.

In order to prove the Theorem 4, we will use the implicit function theorem, so we have
to show:
o ker D®(g, ) splits.
e D®(g, ) is surjective.

Given that the kernel of D®(g, ) is finite dimensional, we show that ker D®(g, )
is closed and hence splits. D®(g, ) being a bounded operator, its kernel is closed by
continuity.

The triviality of ker D®(g, 7)*, established in Theorem 3, leads to

(kerD®(g, w)*)" = L*.
Using the classic relation

(kerD®(g,7)")" = ImD®(g, 7),
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we get
ImD®(g,7) = L".

Thus, in order to have the surjectivity of D®g(g) , it suffices to prove D®(g, 7) has closed
range. To do so, we consider particular variations (h,p) of (g, ) of the form

hiy=2995 | (135)
P =287 — g7 trS(Y) — (n = D(n— 21y g”) /g
determined from fields (y,Y"). We define the operator
F(y,Y") = [Fo(y.Y"), Fi(y,Y")] = [D®o(g, 7)(h, p), D®i(g, 7)(h, p)]. (136)
From (59) and (60),

Fo(y,Y') = 2(n—1)/g[-Ay+ ny] + (4 —n) Po(g, ™) y +2(n — 2)7divY /g
+LE [y + Y]+ W, VY.

Fy,Y') = —=2yg[-AY + (n— )Y +2&;(g,m) y + W5 Vy + L[y + Y],
Definition 2. Operator asymptotic to A.
We say an operator P of the form
Pu = a"(z)Viu + b (2)0u + c(x)u

18 asymptotic to A with a decaying rate T if there exists n < ¢ < oo , 7 < 0 and two
positive constants Cy, A such that

MélG < a?(2)&&; S AT Ve e M, £ € TM.

10”7 = G 1qr + [1'llqr + llellgrzr < Ch

Proposition 14. Let g € G" with § < 0. Then A is asymptotic to A with a decaying
rate 0.

Proof:
A= gijvzzj = gij%?j +9"(Vi - Vz)vj
= gV - giAN V. (137)
The metrics g and ¢ being equivalent, equation (49) directly gives
MeELF < g7(2)&& S ATEG, Ve e M, £ € TM.
Setting
bt = g7 AL,
then b € W; ? from (51). Given the Sobolev inequality, there exists a constant C; > 0
such that

197 = g7 l6 + [1B¥]l6.5 < e (197 = 722 + [16]1126) < C1.

We will justify later on the terminology "asymptotic" used in this definition.
The operator A = —A + n , acting on functions, will be of great interest.
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Proposition 15. Let g € GT with § <0 and A = —A +n. Let s € IR. There exists a
constant C = C(n,p,q,s,0,Cy, \) such that if u € L? and Au € L? | then u € W2? and

lullz2,s < C ([[Aullzs + [[ull2s) -

Proof: By elliptic regularity, u € T/Vlif and the estimate arises from interior estimates
(see [11] for example) and scaling.

Theorem 5. Let g € G with 6 < 0 so that A is asymptotic to A.

Set A=—A+n, withn = 3.

Let |s| < (n+1)/2. Then A: W2*(M) — LA(T* @ A>°T*M) is bounded.
Moreover, it satisfies the following elliptic estimate

lull2.2.s < C ([|Aull2,s + [|ull2.505) - (138)

In particular, A is a semi-Fredholm operator , i.e. A has finite dimensional kernel and
closed range.

Proof: We define the following operator norm:
1A = Allop = sup{[|(A = AYullzs - u € W22, |lulloz,s = 1}
and || e ||,y r denotes the same norm restricted to functions supported in Er = M \ Q.
If supp(u) C Eg , then from the expression (137) of A,
1A = A)ullos < (g7 = §9)Viullas + |6 Viull2,s
< ng{g” GV ullz,s + 116" Vil |2,

< cllg = gllooomelViullzs + 116 Vulla,s.
Using (8), Sobolev inequality and inclusion (6 < 0),

1A = A)ulles < c(llg = dll2sm, + [1bl12580) [Jull22.

Recalling that [|g — g||2,2,6 + ||b]]1,2,s is bounded because g € G,

|A = Al|gpr = 0(1) when R — +oc. (139)

This justifies a posteriori the terminology used in Definition 2.

Let xgr be a cut-off function as in Definition 1

1OHQR/2
XrR =
0on M\ Qp

Then we can decompose u = g + oo , With us = (1= xgr)u.

We look into the operator A=-A+n acting on functions. Using Corollary 3.13 of [1]
with A = n , we obtain that V|s| < (n+1)/2, A: W22 — L2 is a Fredholm operator and
an isomorphism. So there exists a positive constant C' = C(n, s) such that

[ull2.2.6 < C [ Aulfa,s. (140)
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Applying (140) to u ,
ltoollazs < C l Atiog]|2,s
< O Auss|lz,s + [|A = Allop, rl|tiool]2,2,s- (141)

Yet Auy = Au — Aug = Au—yrAu+xrAu — Aug.
Thus,

uss|l2s < [JAull2s + [[xrAU2s + [[XRAU = Aug|]2,5
< Ol Aullzs + [[xrAu — Augll2,5:04-
From the expression (137) of A,

xrAu — Aug = —uAxg+ nxru + 29”7 0ud;xr
= 2¢Y0;ud;xr + (gij%?jXR + V' O0ixr)u,
leading to
IxrAu — Augl|2,5.0, < ¢l 2,504
Finally

| AUooll2,s < C (|| Aullas + ||ul12,504)
Replacing (141) and considering (139), we obtain for R large enough
[tooll26 < Htcoll22s < C ([[Aulls + [Jul12,5:05) - (142)
Using (142) and the fact that on Qpg, |uel; < |ulg
lullz.s < luco]l2.s + [Juol]2,s
< O ([MAullas + [[ull12,505) + [ull2,50k-
Thanks to Ehrling inequality (11),
lullzs < C ([[Aullos + [|ull2.s0r) + ellull2.2.504
< O ([ Aullas + [Julla,s0r) + ellull2z,s:
and we conclude with Proposition 15.

Let B=—-A+n—1bean operator acting on 1-forms.

Theorem 6. Let 6 <0 and g € G*. Setting B=—-A+n—1 and |s| < (n+1)/2.
Then B : W2*(T* M) — L2(T* @ A*T* M) is bounded. Furthermore, it satisfies

Y l22.s < C([IBY ll2.s + [[Y[]2.5:05) (143)

In particular, B is a semi-Fredholm operator , i.e. B has finite dimensional kernel and
closed range.

Proof: From Proposition E of [14], the indicial radius of B is (n+1)/2 and by Theorem
Cof [14], V|s| < (n+1)/2 , B : W22 — L2 is a Fredholm operator. By Corollary 3.13
of [1] , B is an isomorphism for the same span of s. So there exists a positive constant
C = C(n,s) such that

1V llaze < C[BY o (144)
The proof is nearly identical to the one of Theorem 5 with (144) replacing (140). .
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Theorem 7. Let 6 €] — (n+1)/2,0] with n = 3. Then the operator
FW2T) — LAT* @ A*T*M) := L* is bounded. Furthermore, it verifies
1w Y)ll225 < C (1F (Y, Y26 + (v, V)20 + 11y, Yl|25:05) - (145)

In particular, F' is a semi Fredholm operator, i.e. F has finite dimensional kernel and
closed range.

Proof: Starting from the definition of F', the Triangle inequality together with (54)
and the Sobolev inclusion (with § < 0) directly yield

1@, Y)ll2s < ClI(Y, Y)ll2.2,

where C'is a constant depending on ¢ and ||g|| .

Hence F is a bounded (continuous) operator. Plugging the expression of Fy(y,Y") in
(138) and using Hoélder inequality (8) , (15) ,Ehrling inequality (11) along with Sobolev
inclusion (with 6 < 0) and ®¢(g,7) € L3,

yll22s < C (=AY +nyll2s + [lyll2s0.)
< C([[Foly, Y)llas + 11y, Y)ll2o + Y225 + [|yll2598) - (146)

Plugging the expression of Fj(y,Y?) in (143) and using Hélder inequality (8) , (15) ,Ehrling
inequality (11) along with Sobolev inclusion (with 6 < 0) and ®;(g,7) € L3,

Y220 < C ([[FAY 4+ (n = 1)Y]las + |[[Y]]26:05)
< C(F(y, Y)llas + 1w, Y)ll20 + Y 26:08) - (147)

Finally, combination of (146) and (147) gives (145). For all § €]—(n+1)/2,0] , the estimate
(145) verified by F'is analoguous to the one of Theorem 1 and by a similar proof, we show
F' is semi-Fredholm, i.e. F' has finite dimensional kernel and closed range.

Now F' and its adjoint F™* have similar structure (F' is formally self-adjoint)
F* L2 5(T) = W2(T* @ A°T*M).
Let F* be the restriction of F* defined as follows
Fr i W2A(T) = L2(T* @ A*T*M).
We can apply Theorem 7 to F*
Theorem 8. Let 6 €] — (n+1)/2,0] with n = 3. Then the operator
F*: W22(T) — L25(T* @ AT* M) is bounded. Furthermore, it satisfies
1w Y)lla2s < € (IF @)l las + 10Vl ass + 10V agn) - (148)

In particular, F* is a semi-Fredholm operator , i.e. F* has finite dimensional kernel and
closed range.

Proof: From the definition of F*, the Triangle inequality together with (54) and the
Sobolev inclusion with ¢ < 0 directly yield

(s V)25 < Cl(y, Y l2.2.-5-
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Plugging the expression of Fy(y,Y") (formally identical to Fy(y,Y")) in (138) and using
Holder inequality (8) , (15) ,Ehrling inequality (11) along with Sobolev inclusion (with
§ < 0) and ®o(g,7) € L3,

1 Y)la2s < C (1=Ay +nyllo s+ IVl -s00)
< C (B0 as + 11w Y225 + 11V 20,5 + lyl 2,50, ) (149)

Plugging the expression of ]?E‘(y, Y?) (formally identical to F;(y,Y")) in (143) and using
Holder inequality (8) , (15) ,Ehrling inequality (11) along with the Sobolev inclusion (with
§ < 0) and ®;(g, ) € LE,

¥llzos < C (=AY + (0= DY |los + 1V ]|2-50,)
< O (IF @Y les + 1@ V)lloas + 1V llosi0e) - (150)
Finally, combination of (149) and (150) gives (148).

Similarly to F, for all § €] — (n +1)/2,0] , F* is a semi-Fredholm operator.

We are now in possession of all the tools necessary to finish the proof of Theorem 4.
By elliptic regularity, ker F* = ker F* is also finite dimensional. If we apply Lemma 22 to
F, we get

(Coker F')* ~ ker F™*.
So (Coker F')* is finite dimensional so (CokerF')* ~ CokerF’. Thus we have the isomor-
phism
CokerF' = L7, =~ kerF™.
The operator F' satisfies
ImF C ImD®(g,7) C L".

Let 7 be the canonic projection:
T L= L

m(ImD¢) is closed, being the subspace of a finite dimensional vector space. Im(D¢) is
closed, being the inverse image of a closed set by a continuous map. This ends the proof
of the manifold structure of C, as a smooth submanifold of F. In fact, all level sets of
®(g, ) are smooth submanifolds of F'.
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