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A MULTIDIMENSIONAL BIRKHOFF THEOREM FOR
TIME-DEPENDENT TONELLI HAMILTONIANS

MARIE-CLAUDE ARNAUD®:# AND ANDREA VENTURELLI'

ABSTRACT. Let M be a closed and connected manifold, H : T*M x R/Z — R
a Tonelli 1-periodic Hamiltonian and £ C T*M a Lagrangian submanifold
Hamiltonianly isotopic to the zero section. We prove that if £ is invariant by
the time-one map of H, then L is a graph over M.

An interesting consequence in the autonomous case is that in this case, L is
invariant by all the time ¢ maps of the Hamiltonian flow of H.

1. INTRODUCTION AND MAIN RESULTS.

A lot of problems coming from the physics are conservative, as the N-body prob-
lem and other classical mechanical systems: in other words, they are symplectic.
Close to the complectely elliptic periodic orbits of symplectic dynamics, it is in
general possible to use some change of coordinates called normal form (see [20])
and thus to be led to study a local diffeomorphism

(1) 0,7) e T" x R" — (0 + a + S.r,7) + small

close to the zero section T™ x {0} with 8 being a symmetric matrix. When £ is
a definite matrix, these diffeomorphisms are called twist maps and it can also be
proved that they are the time 1 map of a so-called Tonelli Hamiltonian vector field.
This kind of diffeomorphisms was introduced for example by Poincaré in the study
of the circular restricted 3-body problem. When n = 1, they were intensively
studied by G.D. Birkhoff. In [7], G.D. Birkhoff proved that if 7 is an embedded
circle of T x R that is not homotopic to a point and that is invariant by some
conservative twist map, then ~ is the graph of a Lipschitz map T — R. A modern
proof of this result can be find in [15].

Question: what happens in higher dimensions?

A natural extension of the 1-dimensional annulus 7*T = T x R is the cotangent
bundle T* M of a closed n-dimensional manifold M. We recall in section 1.1 that
T*M can be endowed with a symplectic form.

If we want to obtain some submanifolds that are graphs (or more correctly sec-
tions) in T*M, we are led to look at n-dimensional submanifolds. Moreover, we
have to impose some topological conditions for these submanifolds. Indeed, there
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are examples of conservative twist maps of T x R that have an invariant embedded
circle that is homotopic to a point (and then this is not a graph): this happens for
example for the time 1 map of the rigid pendulum close to the elliptic equilibrium.

But even if we ask that the invariant submanifold is homotopic to the zero-section
of T*M, it is easy to build examples of Tonelli Dynamics that have an invariant
submanifold that is not a graph but is homotopic to the zero section. The first
author gave in [2] an example of such a submanifold of T*T? = T3 x R? that is
invariant by the Hamiltonian flow of H(q,p) = %||p||* = 1(p} + p3 + p3), which is
the geodesic flow for the flat metric on T3.

That is why we focus on the particular case of Lagrangian submanifolds.
DEFINITION. A submanifold £ C T*M is Lagrangian if dim £ = n and wyrz = 0.

Even if the set of Lagrangian submanifolds is very small in the set of all the
n-dimensional submanifolds (more precisely it has no interior when endowed with
the Hausdorff topology in T'(T*M)), there exist a lot of invariant Lagrangian sub-
manifolds for the symplectic dynamics.

EXAMPLES.

In T*T, a loop is always Lagrangian;

a vertical fiber 7,7 M is Lagrangian;

the zero-section is Lagrangian;

more generally, a C! graph is Lagrangian iff it is the graph of a closed

1-form: for example, {(q,dS(q));q € M} is a Lagrangian submanifold;

e the stable or unstable (immersed) submanifold at a hyperbolic equilibrium
is Lagrangian;

e for the so-called completely integrable systems the phase space is foliated
by invariant Lagrangian tori;

e some of these invariant tori remain after perturbation (K.A.M. theory).

Let us come back to the expression (1). When f is indefinite, M. Herman con-
structed in [17] some examples with an invariant Lagrangian torus that is isotopic
to the zero section but not a graph. That is why we will assume that [ is positive
definite, i.e. we will work with Tonelli Hamlitonians.

DEFINITION. A C2? function H : T*M x T — R is a Tonelli Hamiltonian if

e the Hamiltonian vector field! associated to H is complete;

e H is C%-convex in the fiber direction, i.e. has a positive definite Hessian in
the fiber direction;

e H is superlinear in the fiber direction, i.e. for every B > 0, there exists
A > 0 such that:

V(g,p,t) € "M x T, |[|p|| > A= H(q,p,t) > Bllp||-
ExAMPLE. A Riemannian metric defined an autonomous Tonelli Hamiltonian.

Let us recall that we need to ask some topological condition on the invariant
Lagrangian submanifold to be able to prove that it is a graph. To explain that, we
need a definition.

IThis will be defined in section 1.1.
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DEFINITION. Two submanifolds £1 and Lo of T*M are Hamiltonianly isotopic if
there exists a time-dependent Hamiltonian H : T*M x R — R such that, if ( ;,t)
is the family of symplectic maps that is generated by the Hamiltonian vector field
of H, then

Lo = ¢%M(Ly).
Our main result is the following one.

Main Theorem. Let M be a closed manifold, let H : T*M xR/Z — R be a Tonelli
1-time periodic Hamiltonian, and let £L C T*M be a C' Lagrangian submanifold
Hamiltonianly isotopic to a Lagrangian graph. If L is invariant by the time one
map associated to H, then L is the Lagrangian graph of a C* closed 1-form.

A submanifold £ is Hamiltonianly isotopic to the zero-section if and only if
the two submanifolds are isotopic in some particular subset £ of the set of La-
grangian submanifolds of T* M, the set of the so-called exact Lagrangian subman-
ifolds. Hence some related questions remain open.

Questions

e Is the same conclusion true if we replace “Hamiltonlianly isotopic” by ”
isotopic”?
e Is the same conclusion true if we replace “Hamiltonlianly isotopic” by ”
homotopic”?
Let us mention some related existing results.

e In [1], the first author proved that if a Lagrangian submanifold that is
Hamiltonianly isotopic to a Lagrangian graph is invariant by a autonomous
Tonelli Hamlitonian flow, then it has to be a graph. In next Corollary, we
will explain how our result improves this statement.

e In [4], P. Bernard and J. dos Santos extended this result in the autonomous
case to the case of Lipschitz Lagrangian submanifolds.

e In [5] and [6], for M = T™, with a weaker topological assumption (they
assume that £ is homologous to the zero-section) but a strong hypothesis
on the restricted Dynamics (it is assumed to be chain-recurrent), M. Bialy
and L. Polterovich obtain the same result.

e In [16], M. Herman proved a similar result for a submanifold that is:

— compact and Lagrangian;

— with a Maslov class equal to 0;

— invariant by an exact symplectic twist map of T x R™ that is C''-close
enough to a completely integrable symplectic twist map;

— such that the restricted dynamics is chain recurrent.

Our result is valuable on all cotangent bundles and doesn’t assume any dynam-
ical behaviour of the restriction to the invariant submanifold.
However, it cannot be extended to any twist map because we don’t know if a gen-
eral twist map (in any dimension) is the time 1 map of a Tonelli Hamiltonian (see
[14] for an interesting discussion on this subject).

Some arguments of our proof are common with the proof of the autonomous case
in [1], but not all. Moreover, even if some of our techniques come from weak KAM
theory, we tried to avoid to use the whole theory, as the Aubry set, the weak KAM
solutions ...and to write a self-contained article.
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Corollary 1.1. Let M be a closed manifold, let H : T*M — R be an autonomous
Tonelli Hamiltonian, and let L C T*M be a C' Lagrangian submanifold Hamil-
tonianly isotopic to a Lagrangian graph. If L is invariant by the time one map
associated to H, then L is the Lagrangian graph of a C! closed 1-form and it is
invariant by all the time t maps ¢t;.

To any Tonelli Hamiltonian H : T*M x T — R, a Lagrangian function L :
TM x T — R can be associated via the Legendre duality.

Y(q,v,t) € TM x T, L(q,v,t) = pel%lq*fM(p.U — H(g,p,t)).

DEFINITION. A continous and piecewise C! arc 7y : [a,b] — M is minimizing if
for every continous and piecewise C! arc « : [a,b] — M such that vo(a) = y(a) and
~Yo(b) = (b), we have

b b
/ Livo(t), 0 (2), t)dt < / (). 4(t). t)dt.

Corollary 1.2. Let M be a closed connected manifiold, H : T*M X R/Z — R a
Tonelli 1-time periodic Hamiltonian, and £L C T*M a C' Lagrangian submanifold
Hamiltonianly isotopic to a Lagrangian graph. If L is invariant by the time one
map associated to H, then the orbit of every point of L is minimizing.

1.1. Notations.

e M is a closed Riemannian manifold, 7 : T*M — M is its cotangent bundle
and Z7-)s the zero section; if ¢ = (q1, ..., ¢,) are coordinates in a chart of
M, the dual coordinates p = (p1,...,pn) € T, M are defined by p;(dq;) =
d;,; where dg; is the ith vector of the canonical basis and §; ; is the Kronecker
symbol;

e T*M is endowed with the Liouville 1-form that is defined by:

Vp e T*M,Yv € T,(T*M), A\(v) = p o Dr(p)(v);

in a dual chart, we have A =< p,dq >= > p;dg;;

e the canonical symplectic form on T*M is w = —dJ; in a dual chart we have
w=dgNdp =3 dp;\dg;

e T = R/Z is the 1-dimensional torus with length 1 and Ty = R/2Z is the
1-dimensional torus with length 2; we denote by ¢ € R — [t]; € T and
t € R — [t]2 € Ty the corresponding covering maps;

e a complete C? Hamiltonian H : T*M x T — R being given, the Hamil-
tonian vector field Xy is defined by w(Xg(z,s),dz) = dH(z,s)dz and
the corresponding Hamiltonian familly of diffeomorphisms is denoted by
(‘Pzt)S,tGR-

e we choose coordinates (¢g,7) in the closed manifold My = M x Ty and
denote the dual coordinates by (p, F); then the Liouville 1-form on T* My
is ® =< p,dq > +FEdr and the canonical symplectic form is Q = —dO =
dgAdp+drANdE. We will often use the identification T* Mgy = T*M x Ty xR;

e we choose similarly coordinates (¢, 7) in the closed manifold M; = M x T
and denote the dual coordinates by (p, E); then the Liouville 1-form on
T*M;j is 0 =< p,dq > +Edr. We will often use the identification T*M; =
T*M x T x R.



BIRKHOFF THEOREM 5

1.2. A useful reduction. Let us explain why we will assume that £ is Hamiltoni-
anly isotopic to the zero section (instead of “to a Lagrangian graph”) in the proof.
Assume that £ is Hamiltonianly isototopic to the Lagrangian graph £y and that £
is invariant by the time 1 map of the Tonelli Hamiltonian H : T*M x T — R.
Then L is the graph of some closed 1-form A of M. Changing Ly in a very close
other graph, we can even assume that A is smooth. Then F : T*M — T*M that
is defined by F(q,p) = (¢,p + A(q)) is a symplectic diffeomorphism so that

e F~1(£) is Hamiltonianly isotopic to the zero section F~1(Ly) = Zr+us;
e F~1(L£)is invariant by the time 1 map of the Tonelli Hamiltonian H (g, p,t) =
H(F(q,p),1).
Hence if we have proved the main theorem for the submanifolds that are Hamilto-
nianly isotopic to the zero section, we deduce that FF~1(£) and then L is a graph.

1.3. Structure of the article.

e In the second section, we construct an extended autonomous Hamiltonian
and an extended Lagrangian submanifold in the extended phase space; we
then build a graph selector for the extended Lagrangian submanifold;

e in section 3, using the graph selector that was built in section 2, we build
a dominated function;

e in section 4, using the notion of calibrated curve, we prove the main theorem
and its corollaries.

2. CONSTRUCTION OF A LAGRANGIAN SUBMANIFOLD IN THE EXTENDED PHASE
SPACE AND ITS GRAPH SELECTOR.

Standing hypotheses. From now, we assume that H : T*M x R/Z — R is
a Tonelli time I1-periodic Hamiltonian and that £ C T*M is a C! Lagrangian
submanifold Hamiltonianly isotopic to Z7x s that is invariant by the time one map
associated to H.

The goal of this section is to build an extended autonomous Hamiltonian, an
extended Lagrangian submanifold and a so-called graph selector. Moreover, we
will prove some properties for these objects.

2.1. Extension of the Lagrangian submanifold. In this section, adding two
dimensions to the phase space, we will replace the non-autonomous Hamiltonian
flow by an autonomous one and extend the invariant submanifold in the new phase
space.

Let us comment on the choice of the new Hamiltonian and of the Lagrangian
submanifold. The method that gives an autonomous Hamiltonian is well-known
but the extended Hamiltonian is not Tonelli with respect to the new variables and
we cannot just apply the proof that the first author gave in [1] in the autonomous
case. The method to build an extended submanifold in the new phase-space is
well-known too, but:

e a priori, this new submanifold has a boundary; thus we would need to build
a theory of generating functions for manifolds with boundary to go on with
our proof and we prefer to avoid this. Moreover, we don’t know if this could
work;
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e an idea to remove the problem of boundary is to identify what happens
for the times t = 0 and ¢ = 1. As the initial manifold is invariant, we can
glue the two ends of the extended submanifold in a smooth way and obtain
a closed manifold. Then a new problem appears: we cannot extend the
isotopy that joins the zero section to the initial manifold in a periodic way
because the submanifolds that appear in the isotopy are not invariant by
the initial flow and thus their extended submanifolds cannot be glued in a
continuous way.

To overcome these problems, we had the idea to extend the Hamiltonian flow in a
2-periodic one by symmetrizing the extended Hamiltonian and the extended sub-
manifold. Let us explain this now.

We use the following function.

NoTATION. Let n : R — R be a non-negative and C* fonction satisfying the
following properties
i) n(—t) =n(t) and n(1 —t) =n(1 +t) for every t € R.
ii) n(0) =0 and (1) = 1.
iii) 9(t) > 0if t € (0,1).
) 1(0) = 7j(0) = n(1) =ij(1) = 0.

v

n(t)

Let us introduce a new time-dependent Hamiltonian K : T*M x Ty — R defined
by K(q,p,t) = n(t)H(q,p,n(t)). A straightforward computation shows that every
integral curve of Xx can be written as t — (¢,p)(t) = (@, P)(n(t)), where s —
(Q, P)(s) is an integral curve of Xg. This fact can be expressed as follows :

o (a.p) = e (q,p).
Roughly speaking, integral curves of Xx are reparametrizations of segments of
integral curves of Xy, but they slow down and turn back at integer time. In
particular, integral curves of Xk are all 2-periodic and satisfy (g, p)(—t) = (q,p)(t)
and (¢,p)(1 —t) = (¢, p)(1 +1).
Let now K : T*M x Ty x R — R be the autonomous Hamiltonian on the extended
phase space T* My =T*M x Ty x R defined by

K(q,p, 7, E) = K(q,p,7) + E.
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The Hamiltonian equations for I are given by

d _ OK d —
(2) g_g - 6_%1(;151)77_)7 dd_EI - 176K
d_f = _a_q(qapaT)a dat _W(qapa’r)a

We can see that the evolution on T*M is the same as for the Hamiltonian K, while
the variable 7 is essentially the time. If ¢i denotes the Hamiltonian flow of K, by
(2), we easily get the relation

(3) ok(a.p. 7, E) = (¢ " (a.p), 7 +t,E+ K(q,p,7) — K(¢F " (q,p), T +1)).

The evolution of the variable E' can be obtained using the conservation of K by the
flow. Let G C T*M x T x R be the submanifold defined by

G ={¢k(q,p,0,—K(q,p,0)), (q,p) € L, t € [0,2]}.

Since the flow ¢} is 2-periodic in time, G is a closed submanifold diffeomorphic to
L x Tq. If we cut G by a hypersurface 7 = ¢t and we forget the E variable, we get
the image of £ by gp(l)f = @?}n(t).

Proposition 2.1. If L is Hamiltonianly isotopic to the zero section Zr«par of T*M
then G is Hamiltonianly isotopic to the zero section Zpspnq, of T* Ms.

Proof. The proof is twofold. In the first part, we prove that G is isotopic to some
submanifold Gy by using the fact that £ and Zp-j; are isotopic. In the second part,
we prove that Gy is isotopic to Z7+aq, by using the time-dependent Hamiltonian
s+— sK.

Let (1) be a Hamiltonian isotopy of T* M such that g = Idrsps and 1 (Zr-p1) =
L. We use the notation L; = ¥s(Z7+p). We denote by h(q,p,s) a Hamiltonian
associated to (¢s).
For every s € [0, 1], we define the submanifold G of T* My = T*M x Ty x R by

Gs = {¢kc(q,p,0,—K(q,p,0)), (q,p) € Ls, t €1[0,2]}.

Exactly for the same reason as G, G is a closed manifold that is diffeomorphic to
L x TQ.

Because t — @?&t is 2-periodic, we can use this notation for ¢ € Ty too.
We define Fs : T* My — T* My by

Fy(q,p, 7, B) = (&% 05093 (q,p), 7, E+ K (q,p,0) — K(¢% o5 003" (q,0),7))-

Note that Fy = Idp« aq, and that (Fs) is the Hamiltonian isotopy associated to the
Hamiltonian (q,p, 7, E) + h((p;(’o(q,p), s).

As F5(Gp) = G5 and G; = G, G is Hamiltonianly isotopic to Gy.

Let us now prove that Gy is Hamiltonianly isotopic to the zero section Zz« a4, of
T Ma.
DEFINITION. A diffeomorphism G : T*M — T*M is exact symplectic if G* A — A
is exact as a 1-form.



8 MARIE-CLAUDE ARNAUD'# AND ANDREA VENTURELLI'

Lemma 2.1. Let (Gs) be an isotopy of exact symplectic diffeomorphisms. Then it
ts a Hamiltonian isotopy.

Proof. If we denote the Liouville 1-form on "My by ©, we have: G;0 — 0 =
dSs and then if X, is the vector field associated to (Gs): G%(Lx,©) = dSs, i.e.
G (ix,dO)+ G (d(ix,©)) = dSs. We finally obtain G (ix,2) = d(G(ix,0) —55).

Hence (G;) is Hamiltonian and the associated Hamiltonian is ix,© — Sso Gt O

In order to use Lemma 2.1, we define G5 : T* Moy — T* My by:

Gs(q,p, 7. E) = (927 (q.p), 7, E + s(K(q,p,0) — K (023 (q,p), T)))-

Then Go = Idp«pm, and G1(Z71=m,) = Go. If we succeed in proving that every G
is exact symplectic, we can deduce that Gy is Hamiltonianly isotopic to the zero
section and hence that G is isotopic to the zero section. We prove that only for
s = 1 (we can replace K by sK). We use the notations G = Gy, ¢, = @2}7 and
K-(¢,p) = K(¢,p, 7).

As () is a Hamiltonian isotopy, every ¢, is exact symplectic. We write: ¢fA—
A = dS;. We saw in the proof of Lemma 2.1 that d(ix, A — K;) = d(S, o ;') and
thus we have ix, A — K, = Sy o oo L.

Now we compute

GO — © = ¢} (pdq) + ¢} (ix, A)dr — pdg + (K(g.p,0) — K(¢-(q,p), 7))dr.
Note that K(q,p,0) = 0. We obtain then
G"O — O =dS: + r(ix A)dT — K(¢-(q,p), 7)dr,

ie. G*O — © = dS, + S,dr, then G is exact symplectic. O

2.2. The generating function. There is a classical way of quantifying the La-
grangian submanifolds of a cotangent bundle that are Hamiltonianly isotopic to the
zero section. This is by using the so-called generating functions.

The facts that we recall here come from different articles; more precisely, the

existence theorem can be found in [23] and [8] and the unicity theorem is proved
in [25] and [24].

DEFINITIONS.

e Let p: E — M be a finite-dimensional vector bundle over My. A C? func-
tion S : E — R is a generating function if its differential dS is transversal
to the manifold W = {( € T/E;e € E and £=0 on T.(p~'(p(e)))}.

e Then the critical locus $g of S is the set Xg = dS™1(W).

e The map is : X¥g — T*Ms is defined by is(e) : T;(e)./\/lg — T*Mas,
ig(e)dx = dS(e).0e where de € T E is any vector so that dp(e).de = dx.

e If G is a Lagrangian submanifold of T*M, S : E — R generates G if ig is a
diffeomorphism from X g onto G.

e When the bundle E = My x R is trivial and there exists a non-degenerate
quadratic form @ : RF — R such that S = Q outside a compact subset, we
say that S is special. The index of S is then the index of @
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Sikorav’s existence theorem. Let G be a Lagrangian submanifold of T* My that
is Hamiltonianly isotopic to the zero section. Then G admits a special generating
function.

NoTaTION. We denote a special generating function of G by S(q,7;¢) with & € R*.

REMARKS. When S : My x R¥ — R is special, we have:
oS
S5 = {(¢,€) € My x RY; ¢ (@:6) = 0);

and 59
V(g,€) € Xs,is5(q,€) = (g, a—q(q,E))-

Observe that the condition that S is a generating function means that the map

a8 - . .
oe s a submersion at every point of Yg.

Proposition 2.2. The special functions Sy : (q,€) € M x R* — S(q,0;¢) and
S1:(q,&) — S(q,1;&) generate the Lagrangian submanifold £ C T*M.

Proof. The only non trivial thing to prove is that the functions S; are generating
function. Then the fact that they are special and that they generate L is straight-
forward.
We recall that

G = {¢x(¢,0,0,0),(¢,p) € £, t € [0,2]}.
Hence if (¢,p) € £, we have the equalities Xi(g,p,0,0) = (0,0,1,0) € T(4 0,09
and X (pg' (¢:9).1,0) = (0,0,1,0) € Ty (4,009 because i(0) = ij(0) = (1) =
77(1) =0 as oS
Let us recall that is(q,7,&) = (g, 6—q(q,T, €),7,52(q,7,¢)). Then, for j = 0,1, we
have (DiS(qapaja 0))71(()’ 0; 1a 0) = (Oa 1; 6&]) € Tigl(q,p,jp)zs-
As the equation of g is %(q, 7,£) =0, we deduce that

%S . 028 .

6766 (ZS (qvpaj)) = 78—52(7’5’ (qvpaj))égj

This equality implies that for every (¢,p) € £ and j = 0, 1, we have
55 —1 . aS —1 . k
ImD (a_§> ('LS (Qapa.j)) =ImD (8_5) (ZS (qap’j))\&r:o =R 5

i.e. that S; is a generating function. O

In the next subsection, we will build what is called a graph selector and we will
prove that it doesn’t depend on the generating function that we choose. To do that,
we need a unicity result for the generating functions that is due to C. Viterbo. Let
us explain this.

DEFINITIONS.  Let p : E — Mas be a finite dimensional vector bundle and let
S : F — R be a generating function. Let us define the basic operations on generating
functions:
e Translation. If cE R, then S’ =S +c: F — R.
e Diffeomorphism. If p’ : E — M3 is another vector bundle and F : £/ — E
is a diffeomorphism such that po F'=p’, then S’ = So F : E/ — R.
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e Stabilization. If p' : E' — M is another finite dimensional vector bundle
endowed with a function @’ : E/ — R that is quadratic non-degenerate
when restricted to the fibers of p/, then ' =S¢ Q' : E® E' — R.

Then, two generating functions are equivalent if they can be made equal after a
succession of basic operations.

Viterbo’s unicity theorem. Two special functions that generate the same La-
grangian submanifold are equivalent.

REMARK. The property of being special is not preserved by the basic operations.

2.3. Graph selector. Using the generating function S, we will construct a graph
selector v : Mo — R. Such a graph selector was introduced by M. Chaperon
in [9] (see [21] and [22] too) by using the homology. Here we prefer to use the
cohomological approach. We now explain this.

NOTATIONS. Let p: E — M be a finite dimensional vector bundle. If S': E — R
is a function that generates a Lagrangian submanifold, ¢ € M5 and a € R is a real
number, we denote the sublevel with height a at ¢ by

Sy ={ecE; ple)=q and S(e) <a}
and we use the notation S; = S|, .

When S is special with index m, there exists N > 0 such that all the critical
values are in (—N, N). Then the De Rham relative cohomology space with compact
support H*(E,, S;N) is isomorphic to R for x* = m and trivial if * = m. We denote
by a4 a closed m-form with compact support on FE, such that QN = 0 and
0 # [og] € H™(Eq, S;N).

Ifa € (=N, N), we use the notation i, : (S%,5,) — (Eq, S5, ) for the inclusion
and then i} : H™(Ey, S;N) — H™(S2,S; V). The graph selector u : My — R is
then defined by:

u(q) = sup{a € R; [izaq] = 0} = inf{a € R; [iga,] # 0}.

Proposition 2.3. Let p : E — Ms be a finite dimensional vector bundle, let
S : E — R be a special generating function with index m and let 0 : FF — R be a
generating function that is got from S after a succession of basic operations. If there

are exactly k stabilizations among these basic operations (with indices my, ..., my),
k
the sum of all the indices is denoted by £ = m + Z m;.
j=1

Then, for N positive large enough, H*(Fy,0,) = R[A,] is isomorphic to R and

we can define a graph selector by
U(q) =sup{a € R;[i;A,] =0} =inf{a € R;[i} A ] # 0}.
This graph selector is equal to the one associated to S plus a constant.

Proof. If the basic operation that we use is a translation or a diffeomorphism,
the proposition is straighforward. The only non trivial case concerns stabilization.
From now, we forget the translations and the constants and we can assume that we
are in the following case.
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Assume that S : E — R is a generating function such that after a fiber diffeo-
morphism ¢ : E — FE, S o is non-degenerate quadratic in every fiber outside
some compact subset, the quadratic form being denoted by )y and having index
mg. Then H™(E,,S;N) is isomorphic to R and H*(E,, S; ) = {0} if % # my.
For such a function we can define a graph selector u as before (even if this function
is not special).

Assume that @ : ' — R is a non-degenerate quadratic form with index m when
restricted to the fibers of p’ : FF — My and let us use the notation S = (So¢)) Q@ :
E® F—R.

Dimension of H*(E, & Fy, Sq’Nfc)
Observe that |S — Qo @ Q| is bounded by some constant C. Hence we have:

{QeRQ<a-Clc{S<a} Cc{QdQ <a+C}.
Then we choose N > 0 such that all the critical values of S (and then of S) are in
(=N, N). Then the inclusion maps induce the following homomorphisms
J3 J3
H*(Eg& F;,Qy® Q < —N)—H"(E, & F,,S; N 9)—

Ji
H*(Eq® F;,Qo® Q < —N —2C)—H"(E, & F,, S, V%),

As the pairs (E; @ F;, Qo @ Q < —N) and (E; @ Fy,Qo ® Q < —N — 2C) are ho-
motopically equivalent and as the pairs (E, ® Fy,S; V=) and (E, @ F, S; V739
are homotopically equivalent, the maps ji o j5 and j3 o ji are isomorphisms, and
then j3 is an isomorphism too. We deduce that H*(E, & Fy, S;N’C) is isomorphic
to R if x = mg +m and {0} if * # mg + m.

The same is true if we replace S by the function 0 = S @ @ that will be denoted
by o from now.

A first inequality between the two graph selectors
Let € be a positive number. We will prove that U(q) < u(q) +¢=:a+ 5.
Let a be a closed mg-form that vanishes on Sq_N and is such that 0 # [ifa] €

H m"(Sg, Sy N) and let 3 be a closed m-form that vanishes on Q5 and such that

0 # [Z%ﬂ] € Hm(Qé,Qq*E). We denote by A (resp. B) a mg-cycle of Sg with
boundary in SV (resp. m-cycle of QE with boundary in @~¢) such that a(A) # 0
(resp. such that B(B) # 0). We use the notation us = sup Q|4 and pup = sup Sp.
Using the gradient flow of Qg on Sq_N to push A or the gradient flow of QQ on Q¢
to push B, we can asssume that Sjgpg < —¢ — N — pa and Qpp < —¢ — N — up;
observe that this implies that d(A x B) = (0A x B)U (A x B) C o=~ .

Then the cup product aV § is a closed (m+mg)-form that vanishes in (Q;° x F;)U
(Eqx S;) and such that (aV 8)(A x B) # 0. As the set (Q,° x Fy)U(Eq x S;)

contains ¢~ and as the support of A x B is in Sg % QZ C o%t3 . we deduce

that 0 # [iZJr%(a Vv B)] € H™Tmo (g5 o=~ N) and thus U(q) < a+ £ = u(q) +¢.
Hence we have U(q) < u(q).
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The reverse inequality between the two graph selectors

Let us now prove that for ¢ > 0, we have U(q) > u(q) — ¢ = a — 5. We use the
notation j : 027% — Ey @ Fy, j1: S§ — By and ja : Q¢ — F, for the inclusion
maps.

As H*(Sg,5;) and H* (Qq_% , Q; °) are trivial, there exists a (mg — 1)-form a; on
S§ such that ayjs<_ny = 0 and jja = da; and a (m —1)-form $; on Q™% such that
Biig<—e = 0 and j38 = df;.

Observe that (S5 x Q. <, S,V x Q;%) is an excisive couple (see [18]), hence all
the following cohomology spaces vanish because they can be expressed with the
trivial spaces H*(Sg, S, ) and H*(Q;%,Q_E)

H* (S %@y (82 % Q) U (8;Y x @, 7)) = {o}.

We have d(ag V 8) = d((—1)™a V 1) = a VvV 3. We deduce that there exists a
(mo +m —2)-form y on S x Qq_% that vanishes on (S§ x Q,°)U (S, N x Q;%) and
is such that a; Vg — (—1)™a V 51 = du. We can extend g in a (mg + m — 2)-form
that is defined on E,; @ F,; and vanishes on (E, x Q;¢) U (S; " x F). Then the
(mo+m—1)-form a; V3 that is defined on Sjj x F, coincides on the intersection of the
two sets with the (mg-+m —1)-form (—1)™a x 81 +dpu that is defined on E, x Q3.
Together, they define a (mq +m — 1)-form p1 on (S4 x Fy) U (Eg x Q72) D 037%
such that

e 11 vanishes on (E; x Q) U (SN x F)) D o= N=5;

e dup =aVp.
We deduce that 0 = j*(a VvV ) € H™T™o (Uqu(q)fs,aq_N_g) and then that U(q) >

u(q) —e. Hence U(q) > u(g) and finally u(q) = U(q).
(]

NOTATIONS.  From now we denote by S : (¢,7,§) € E — S(q,7,£) a special
generating function for G. The critical locus is denoted by ¥ and the associated
embedding is i = ig : ¥ — T*Msy. We denote by w : (¢,7) € T* Mz — u(q, T) the
graph selector associated to S.

Following the proofs that are contained in [21] or [22] for the homology, we will
prove

Proposition 2.4. Let u : My — R be a graph selector for the special generating
function S : M x RF — R. Then u is a Lipschitz function that is C* on an open
subset Uy C Mo with full Lebesque measure, and for every z € Uy, the following
properties hold

(4) (z,du(z)) € G, and wu(z)=Soi '(z,du(z)),
with the usual identification T*(M x To) = T*M x Ty x R.

Proof. We assume that S = @ on all the levels that are not in (—N,N) and we
denote the index of @ by m. Let us fix z € M. We denote by o a m-form on R¥
that vanishes on Q% and is such that 0 # [a] € H™(R¥,Q~%). Because there is
a change in the topology of the sublevel with height u(z), u(z) is a critical value of
S..

Let us prove that u is Lipschitz. Observe that the function V : M x M x RF = R
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that is defined by V(z,2',&) = S(2/,€) — S(z,€) is C! and has compact support.
Hence there exists a constant L > 0 such that

Vz,2' € M,VE € RY,|S(2,6) — S(2,€)| < L.d(z,2).

We deduce that for every a € R, §¢ C Sg,JrL'd(Z’Z/). Then the inclusion maps induce
the following maps (note that S; v = S_):

% -k

J2 , J1
Hm(Rk, SfN)*}Hm(SZ(Z)-‘rL-d(ZaZ )+5’ S’Z—/N)*)Hm(sg(zﬁrs’ S;N)

z

We know that 0 # (ja 0 j1)*a € Hm(Sg(Z)JrE, S_N). This implies that j3a # 0 and

then that u(z’) < u(z) 4+ ¢ + Ld(z,2’). This is valuable too when we exchange z
and z’ and when ¢ tends to zero. Finally, we have:

lu(z) —u(2')| < L.d(z, 7).

Let us now prove that there exists an open subset Uy of M with full Lebesgue
measure on which u is C'. Observe that the set U; of the z € M where S, is Morse
is exactly the set of regular values of the restriction to g of the first projection
(2,v) € M x R¥ i 2 and then has full Lebesgue measure by Sard’s theorem. It
is open. We denote by Uy the set of the z € U; such that the critical points of
S, have pairwise distinct critical values. Let us prove that U;\Up has only iso-
lated points: this will imply that Uy is open and has full Lebesgue measure. Let
us consider z € U;\Uy. As S, is Morse, Yg is transverse to {z} x R¥ and then
above a neighbourhood V, of z in M, Xg is the union of j graphs, the graphs of
My.-.ym; : Vo — RF.If we use the notation 1, (2') = %(z’, n;(2’)), then G is the
union of the disjoints graphs of ¥1,...,%; above V,. For 2’ € V,, u(2’) is a criti-
cal value of S,/ and then is one of the real numbers S(z',m(%')),...,S(z',n;(2')).
Note that every S(,n;(.)) is C! and that w = 1);. As the v;(2’) are pairwise
distinct, for ¢ # j, {S(,n:(.)) = S(,n;(.))} has only isolated points.

Let us now consider z € Up. We can define a connected neighbourhood V,, n1,...,n;
and 1, ...,%; exactly as before. Then every u(z’) is one of the S(2/,1;(%')). Be-
cause V, is a connected part of Uy, there exists exactly one 7 such that Vz' €
V.,u(z2') = S(2/,n:(2")). Then we have du(z’) = g—f(z',m(z')) = ;(z') and we
deduce that u(2') = Soig' (2, du(z’)) and du(?') € G. O

Proposition 2.5. There exist a real constant ¢ such that the following identity
holds

() Vge M, wu(q,1)=u(q,0)—c

Proof. We proved in Proposition 2.2 that S(g, 0; ) and S(q, 1, ; ) are two generating

functions for £. We deduce from Proposition 2.3 the wanted result. O

Corollary 2.1. For the same constant ¢ that is defined in Proposition 2.5, the
function S o igl satisfies the identity

(6) Soig'(q,p,1,0) = Soig'(q,p,0,0)—¢c,  (g.p) € L.

Proof. As S(q,0;¢) and S(q,1;€) are two generating functions for £, the functions
(¢,p) € L+ Soi~t(q,p,1,0) and (q,p) € L — Soi~(q,p,0,0) are two primitive
on L of the Liouville 1-form A. Hence their difference is a constant.

Moreover, u(.,0) and u(., 1) are two graph selectors for £ so that u(.,0)—u(.,1) = c.
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Hence there exists a dense open subset V) of M with full Lebesgue measure such
that for i = 1,2

Vg € Vo, (¢,dgu(q,0)) = (g,dgu(gq,1)) € L and wu(q,i) = Soig'(q,dsu(q,i),i,0).

Take ¢ € V. By Proposition 2.4, we have for (¢, p) = (¢, dqu(g,0)) = (g, dqu(g,1)) €
L that

Soizg'(q,p,1,0) =u(q,1) = u(q,0) — c = Soig'(q,p,0,0) —c.

3. CONSTRUCTION OF A DOMINATED FUNCTION.

In this section, we come back to the original problem, and construct what is
called a dominated function for the Lagrangian L that is associated to H, where
we recall the definition of the Lagrangian that we gave in the introduction.

NOTATION. The Lagrangian L : TM x T — R is the function that is associated to
H via the Legendre duality.

Y(q,v,t) € TM x T, L(q,v,t) = pelgng(p-v — H(q,p,1)).

We recall that L is as regular as H is, C2-convex in the fiber direction and
superlinear in the fiber direction (see e.g. [12]).

DEFINITION. A function U : My = M x T — R is dominated by L + c if it is
Lipschitz and if for every continuous and piecewise C! arc v : [a,b] — M, we have

U(4(6),b) — U(7(b),b) < / (LY, 4(t), ) + )dt.

The goal of this section is to build a function u that is dominated by L + ¢ and
to prove some properties for this function.

Then, in the last section, we will prove that u is everywhere differentiable and
that £ is contained in the graph of ¢ — du(gq,0). After that, we will prove that du
is C1.

3.1. Construction of a dominated function. Let us introduce a notation.
NoOTATION. We define u: M x [0,1] = R by u(q,t) = u(q,n=1(t)) + ct.

Observe that a consequence of Proposition 2.5 is that u(.,0) = u(.,1). Hence we
can consider u as a function defined on M = M x T.
Proposition 3.1. The function u is Lipschitz and dominated by L + c.
Proof. We postpone the proof that u is Lipschitz after the proof of the domination
property, but we use the fact that u is Lipschitz in the first part of our proof.

The domination property
Let v : [a,b] — M be a C' arc with [a,b] C (0,1) and assume that the image of
t € [a,b] = (yon(t),t) € My is Lebesgue almost everywhere in Uy (Up was defined
in Proposition 2.4). Then



BIRKHOFF THEOREM 15

u(y(b),0) — u(y(a), a) = u(y(b),n " (b)) — u(y(a),n™ " (a)) + c(b — a),
and if we use the notation § = u(y(b),n=(b)) — u(y(a),n"1(a))

n~1(b)
o= [ (a3 + G

n~'(a)
Young inequality for dual convex functions tells us that

Vp € Ty M, Vv € T,M,Vt € T,pv < H(q,p,t) + L(q,v,1).

(om0 de.

Hence, if we use the notation § = u(y(b),n~ (b)) — u(v(a),n~1(a)), we have § <

7t (b) ou

/ o (ﬁ(t) (H(y(n(?)), dgu(v(n(?), 1), n(t)) + L(y(n(1)), 7 (n(8)), (1)) + 27 (v o n(t), t)) dt.
n-1(a

Proposition 2.4 tells us that w is a graph selector for G above Uy. We can therefore

replace in the integral 9%(y o n(t),t) by —K(q,p,t) = —n(t)H(q,p,n(t)) and we

obtain by using a Change of variable s = n(t)

n~(b) b
5 < / ALY (n(0), 4 (1(8)), m(e) )t = / L(v(s),4(s), 5)ds.
7771(‘1) a

This gives the domination property

b
(7) u(3(5).b) - / 5) + €)ds.

How can we conclude for general 7 : [a,b] — M that are continuous and piecewise
ct?

e if [a,b] C (0,1) and v is C*, by Lemma 3.1 applied to v o7, we can approx-
imate 7 in topology C! by a sequence (), such that (v, on(t),t) € Uy for
almost every t € [p~1(a),n71(b)], hence the domination inequality holds for
every 7,. Taking now the limit n — 400, we find that inequality (7) holds
for our curve 7.

e if [a,b] C [0,1] and v is C!, we can find a decreasing sequence (a,,) and an
increasing sequence (by,) so that (a,b) = J,,cnl@n, bn]; then every v, .
is dominated and by taking a limit ~ is dominated;

e for general v, we can cut 7 in sub-arcs 71,...,7, that are C! and defined
on some intervals Ij, that are contained in some intervals [ng, ng + 1] with
Ny, € Z; then we have the domination property for every «; and hence for
their concatenation v =~y * - - - % y,.

Lemma 3.1. Given an interval [, 8] C (0,1), a set of full measure Uy C My and
a C! curve 7 : [o, B] — M, there exists a sequence of C' curves 1, : [o, 8] — M,
n € N such that (T,)nen converges to T in the Cl-topology, and for every n € N,
(tn(t),t) € Uy for almost every t € [a, B].

Proof. Without loss of generality, we can assume that 7 is defined in a slightly
bigger interval [o/, '] C (0,1) such that [a, 5] C (¢/, ). The curve o : [/, '] —
My, o(t) = (7(t),t) is a Cl-embedding, and it can be embedded in a tubular
neighbourhood, that is to say, there exist a Cl-embedding A : [o/, '] x O — M,
A(t,8) = (T'(t,6),T(t,€)) such that I'(¢,0) = 7(¢t) and T(¢t,0) = t, where O is



16 MARIE-CLAUDE ARNAUD'# AND ANDREA VENTURELLI'

on open neighbourhood of 0 in R™. By implicit function theorem we know we
can solve locally the equation T'(s,£) = t, then by compactness of [a,b] and by
shrinking the neighbourhood O, we can always assume that T'(¢,€) =t as t € [a, b],
hence A(t, &) = (T'(t,€),t). Since A is a Cl-diffeomorphism, the set Vo = A=1(Uy N
A([a,b] x O)) has full measure in [a,b] x O, and by Fubini Theorem, for almost
every £ € O, the set of t € [a,b] such that (¢,§) € Vo has full measure in [a, b],
therefore, we can find a sequence (&,),, in O such that &, — 0 and for almost every
t € [a,b] we have (I'(t,&,),t) € Up. By defining 7, (¢) = I'(¢, &) we have the desired
property. (I

The Lipschitz property

Let us remark that n=! : [0,1] — [0,1] is an absolutely continuous function.
Indeed, it is a C*> function on the open interval (0, 1), and if we set g(t) = (n=1)’(¢)
for t € (0,1), for every segment [a,b] C (0,1) we have

b
(8) L b) — 57 () = / oft) dt.

and by construction of ) we know that g(¢t) > 0 for t € (0,1). By continuity of =1, if
we take the limits @ — 0 and b — 1, we find that g is absolutely integrable on (0, 1),
and identity (8) holds for every [a,b] C [0,1], hence ™! is absolutely continuous.
As u is Lipschitz, the function u that we defined by u(q,t) = u(q,n=1(t)) + ct is
(uniformly) absolutely continuous in the t-direction and (uniformly) Lipschitz in
the ¢ direction. Hence, to prove that u is Lipschitz, we just have to prove that its
derivative, which is defined Lebesgue almost everywhere, is bounded on a set with
full Lebesgue measure.

Observe that 7 restricted to every segment [a,b] C (0, 1) is Lipschitz; we deduce
that the set Uy = {(g,n(t))); (¢,t) € Up N (M x (0,1))} has full Lebesgue measure
in Ml =M xT.

For (q,t) € Uy, we have (q,n71(t)) € Uy and then (gq,n~1(t), du( ¢, () €g.
This implies that dqu(g,n~*(t)) is (uniformly) bounded on Uy and Z%(q,n~*(t)) =
—K(q,dqu(g,n™" (1)), t) = —i(n~ " (t)H(q, dqu(g,n~* (1)), t).

We deduce that

ou

-1 1 -1
9) du(q,t)(0q, 6t) = dgu(g,n"(t))dg + W&(q, n(t))dt

is equal to

du(gq,t)(6q,0t) = dgu(q,n*(t))d0q — H(q,dgu(q,n~ 1 (t)),t)5t
and thus du is bounded above Uj.
Let us now conclude. Given now two points (¢,t) and (¢’,t") € Mj, we have

(10) |u(qla tl) - u(qa t)' < | u(q/a t/) - u(qa tl)l + |u(q5 t/) - u(qa t)'
< Adist(q',q) + [u(g; t') — u(g, t)]

where dist(, ) is a Riemannian distance on M, A is a positive constant independent
from (gq,t) and (¢’,t"). By an argument similar to the one given in proof of Lemma
3.1, and eventually cutting the segment s — (g, s) in a finite number of pieces, we
can find a sequence of points (g, ), in M converging to ¢ and such that for every
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n € N, the point (gn, s) is in Uy for almost every s € [¢,t'] (without loss of generality
we assume t < t’). Since we know that du is bounded above Uy we find

ds < Bt' —t],

" ou
|u(qnat/) - u(Qnat)| < /t Q(Q'ms)

for some constant B > 0. Taking now the limit n — 400 and replacing in (10) we
achieve the proof. (I

3.2. The dominated function u can be seen as a kind of graph selector. In
this part, we construct an extended Hamiltonian of H and an extended Lagrangian
submanifold ) of £ by using H. We will prove that in some sense, u is a graph
selector for ).

NOTATION. We introduce the autonomous Hamiltonian H on T*M; = T*M x
T x R that is defined by

H(g,p,7,e) = H(q,p,7) +e.

The Hamiltonian equations for H are

d _ OH d _
(11) élj_g - 6_%5;]72757—% g_: - laaH
d_}; = _a_q(Qap;T); d_i = _W(QapaT)a

and the flow of (11) is given by

(12)  ¢4(g.p mie) = (05 (g, p), 7+ tie+ H(q,p,7) — H(pl (g, p), 7 +1)).

If we denote by Fg(q,p, 7,e) = (¢q,p, 7, e+ E) the translation in the energy direction
E, observe that Fg o ¢}, = ¢4, o Fr. Hence the restriction of (¢4,) to every level
{H = E} is conjugated (via Fg) to the restriction of (¢%,) to the zero level {H = 0}.

Similarly to what we did in the previous section for the construction of G, we
now extend £ to a Lagrangian submanifold Y of T*M; invariant by the flow (¢%,).
The only change is that we choose the lift in such a way that Y C {H = ¢} for the
constant ¢ that we introduced in Proposition 2.5 and Corollary 2.1.

Y = {¢%(¢,p,0,—H(q,p,0) + ¢); (¢,p) € £, t € [0,1]}.
Since L is invariant by @%1, Y is a closed submanifold of T* M. Observe that )
is contained in the energy level {H = c}.

Proposition 3.2. The manifold Y is exact Lagrangian, i.e. the Liouville 1-form
0 =< p,dq > +Edr has a primitive S along ).

Proof. Let Y be the set Y= {(g,p,t.e) € T*M x [0,1] x R; (¢,p, [t]1,e) € Y}
We define on Y the map ¢ : Y — T* My by

(13) P(g,p.te) = (g, p,n (), 0(n~ (1) (e — ¢)).
Lemma 3.2. 1 is an homeomorphism from Y onto G N (TM x [0,1] x R).

Proof. Let (g,p,t,e) € Y. This means that e = ¢ — H(q,p,t) and qb’}_’lo(q,p) e L.

~1
Then (¢.p.t,c — H(q,p,t) = (¢.p.0n~ (t), —K (. p, 7' (1)) with ¢} (q,p) €
L. Hence ¥(¥) is GN (T'M x [0,1] x R).
The continuity and injectivity are straightforward. (I
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We define then sg by
so(q,p,t,e) = Soig' o(q,p,t,e) +ct.

Because of equality (6), we have

so(q,p,1,€) = Soig(g,p,1,0)+c=Soig'(qp,0,0) =so(qp,0,e).
Hence we can define S : Y — R by S(q,p, [t]1,€) = so(q,p,t,€).
This function S is continuous on ) and is differentiable except on the slice
Yn{t =0} We have dS(q,p,t,e)(dq, dp, 0t, de) =

d(S o ig") (g, p,n (), 7(n~ (1)) (e = ¢))(3q, p, 3t,0F) + cdt,

_
n(n=1(1))

with 0 = (" (t)de + (e — o) L2 t.

As d(So zgl) is a primitive of the Liouville 1-form © =< p,dq > +FEdr, we deduce
that

5t
dS(q,p,t,e)(dq, dp, ot,de) =< p,dq > +77(7]71(t))(6*0)m+05t =< p,dq > +edt.

Hence S is continuous on Y and is a primitive of § on Y\{t = 0}.

As Y is Lagrangian, a primitive of § along ) exists always locally and is C*.
Then for every point in ), there exists a connected neighborhood V on which 6 has
a O primitive s. Then on this neighbourhood the differentials of S — s is continous
and is differentiable with a diffrential equal to 0 on V\{t = 0}.

This implies that S — s is constant on V. Hence S is C! everywhere and is a
primitive of the Liouville 1-form 6.

O

As the exact Lagrangian G has a graph selector, the same is true for ).
Proposition 3.3. The function u is differentiable at every z € Uy and
(14) Vz € Uy, (2,du(z)) € Y and u(z) = S(z,du(z)).

Identity (14) holds for every z € My where u is differentiable and where H(z, du(z)) =
c.

Proof. Proof that u is a graph selector.

NOTATION. Let h: M; — M; be defined by h(q,t) = (¢,n(t)).

Observe that h is an homeomorphism and that hjysx(0,1) is a diffeomorphism
onto M x (0,1). We have
(g,t,p.€) € Y, 9(q, t.p,e) = (h(q. 1), " Dh(g, )~  (p,e — )
and
W(a,t) € My, u(g,t) = u(h(q,£)) + ct.
As u is a graph selector for G, we deduce that if z € Uy, we have
(2, du(z)) = ¥(2,"Dh(z)du(h(z)) + ¢) = (h(2),du(h(2)) € G,
and then (z,du(z)) € v=1(G) = V.

Moreover, if z = (g, t), we have

w(z) = u(h(z))+et = Soig'(h(2), du(h(z))+ct = Soigorh(z, du(z))+ct = S(z, du(z)).



BIRKHOFF THEOREM 19

Proof that Identity (14) holds for every z € Mj where u is differentiable and
where H(z,du(z)) = c.

Let z = (¢,t) € M1 be a point where u is differentiable and H(z, du(z)) = ¢. We
follow the same step as in [1], and we introduce two subsets of T; My = T; M x R.
Let K, (z) be the set of all limit points of sequences (du(z,,))nen where z, € Uy and

EIE zn, = z, and let Cy(2z) be the convex hull of K, (z). Let us give result due to

F. Clarke (see [13] for a proof of [10] for a more general result).

Lemma 3.3. Let f : U — R be a Lipschitz function defined on a open subset
U of R? and let Uy C U be a subset with full Lebesque measure such that f is
differentiable at every point of Uy. We introduce a notation. If ¢ € U, K;(q) is
the set of all the limits nl;rrgo df (qn) where g, € Uy, nhﬁngo gn = q and Cy(q) is the

convez hull of Ky(q). Then, at every point ¢ € U where f is differentiable, we
have : df(q) € Cy(q).

By hypothesis the function p — H(q,p, t) is strictly convex, therefore the energy
sublevel

Hi(=00.d) = {(@.p.1.0) € T (M x T0), Hg,p.t) +e <c}

is also strictly convex (up to the symmetry e — —e, it is the epigraph of the
function p — H(q,p,t) — ¢), and in particular, every point (g, p,t,e) in the energy
level H@}t) (¢) is extremal for H(q;)((—oo,c]). By hypothesis, (z,du(z)) is in the
energy level H_1(c), therefore it is an extremal point of Cy(2), hence a point of
K\ (z), and by definition of K (z) there exist a sequence (zp)nen of points of Uy
such that (z,, du(z,))nen converges to (z,du(z)), but every point (z,,du(z,)) lies
in Y and satisfies the identity u(z,) = S(zn, du(z,)). Taking the limit n — +oco we
get (14). O

4. CALIBRATION AND CONCLUSION

In this section, we will prove that ) is contained in the graph of du. This
implies of course that ) is a graph above the whole M; and that u is everywhere
differentiable: the projection of ) is compact and dense in M, hence equal to M.
Morever, we will also prove that ) is a Lipschitz graph in 7% M;j. This will imply
that ) is the graph of a C' closed 1-form. The main tool that we will use is the
notion of calibrated curve.

4.1. Calibration. We will explain what happens along the curves that satisfy the
equality in the inequality of domination (7). The proof is an analogue of the proof
given by A. Fathi in [12] in the autonomous case.

DEFINITION. If v : [a,b] — M is a C* arc, its defect of calibration is

b
5(7)=/ (L(v(1),4(1),) + ¢) = (u((b),b) — u(v(a), a))-
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Then
e § is always non-negative;
e if (v,) C'-converges to 7, then li_>m 0(yn) = 6(7);
e if I C J, then 0(v7) < 0(y)7)-

DEFINITION. A C' curvey : I — M is (u, L, ¢)-calibrated if ¥[a, b] C I, 8(v|(q,0) =
0.

Proposition 4.1. Ify: 1 — M is (u, L, ¢)-calibrated, then
e u is differentiable at every (y(t),t) with t in the interior of I;
e for all t in the interior of I, we have dyu(y(t),t) = g—ﬁ('y(t),"y(t),t) and
H(y(t), 1, du(~(t), 1)) = c.

Proof. We assume that v is C* and calibrated.

Value of du(~(.),.) if u is differentiable along t — (y(t),t).
Let us assume that u is differentiable at every point of {(v(¢),t);t € (a,b)}.
We have

vt e (aab),u(v(t),t)—u(v(a),a))=/ (L(v(8):¥(s), 5) + c)ds.

Differentiating with respect to t € (a,b), we obtain

A1), A1) + o ((0),1) = (D), 4(0), 1) e

Using Young inequality, we deduce
(15) ¢ = dau(y(t),1)A(t) + G (v(t), 1) — L(v(1), 4(1). 1)
< Gr(v(t), ) + H(y(1), dqu(y(t), 1), 1) = H(y(t), 1, du(y(2),1)).

But Lemma 3.3 implies that H(y(t),t, du(y(t),t)) < c¢. Hence Inequality (15) is in
fact an equality. Il particular we have equality in Young inequality

dqu(y(t),8)4(t) = L(y(8), (8), ) + H(y(t), dgu((t), £), 1)

then dqu(ly(t)a t) = %(V(t)’ ’7(7&)’ t) and so %(’7(7&)’ t) =C— H(’Y(t)’ dqu(V(t)’ t)a t)'
This can be written H(y(t),t, du(y(t),t)) = c.

Proof that u is differentiable at every (y(t),t) with t in the interior of I
Let us fix tg € (a,b). We work in a chart around (tg) = x. Then for every
t € (a,b) and y close to &, we consider the arc 7, : [a,t] — M that is defined by
Yt,y(8) = v(s) + $=2(y — v(t)). The domination proprety implies that

u(y,t) < ¢i(y,t) = u(v(a),a) + / (L(Vt,y(8), 1,4 (s), 5) + c)ds.

Observe that u(z,tg) = u(y )+ f A(s),8) + ¢)ds = 14 (z, to) because
v is calibrated. Observe to that

T2 (= (0),45) + (g =1 (1)), 5) + )

i (y.8) = u(y(a), a) + / (L(r(s)+

and thus v is C1.
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Let us now consider the arc 1, ¢ : [t,b] — M that is defined by n; ,(s) = v(s) +
t=3(y —7(1)). Then

b
Y- (y, 1) = u(y(b),b) — /t (L(12y,t(5): hy,1(8), 8) + c)ds < u(y,1).

1_ is C1' and because 7 is calibrated we have ¥_(z,t9) = u(x,t).
Finally, we have found two C! function 9_ and 1 such that y_ <u < 1, and
Y_(x,tg) = u(z, to) = ¥4+ (x,t9). This implies that u is differentiable at (z,tp). O

4.2. Study along the Q-limit set of ¢ﬁ£

Proposition 4.2. Let (¢,p) € Q(¢}{|£) be a point of the Q-limit set of qb}ﬂﬂ and

let (¢,0,p,c — H(q,p,0)) be the corresponding point in Y. Then the projection of
the H orbit of (¢,0,p,c — H(q,p,0)) on M is (u,c, L)-calibrated.

Proof. Let us fix [a,b] C R and let us consider the piece of orbit
Because (q,p) € Q(qb}ﬂa), we can find a sequence of pieces of H orbits

t € [a,bn] = Gult) = (gn(t),t, pu(t), ¢ — H(qn(t), pn(t), 1))
in Y such that b, —a € N, lim b, = 00, lim (¢,(a),pn(a)) = (¢(a),p(a)) and

n—oo n—oo
nh_glo(qn(bn)apn(bn)) = (q(a), p(a)).
Because of the properties of the defect of calibration §, we have
0 < 0(aap) = Hm_ 6(gnja)) < liminf 6(gnja,p,))-

We have

brn
5(Qn\[a,bn]) - u(Qn(bn)v bn) - u(Qn(a’)a a) - / (L(Qn(t)v dn (t)v t) + C>dt'
We prove now the following lemma.

Lemma 4.1. Ift € R — ((t) = (q(t),t,p(t),c — H(q(t),p(t),t)) is an orbit for H
on Y, then we have

b
(16) / (L(q(t),4(2), 1) + ¢) = S(C(b)) = S(C(a))-

Because of Proposition 3.2, we know that S is a primitive of 6 along ) and so
we have

smw»s«w»[|
[a,b]

and along every orbit we have p(t).¢(t) — H(q(t),p(t),t) = L(q(t),q(t),t). This
proves the lemma.
Applying Lemma 4.1, we obtain:

5(Qn|[a,bn]) = u(‘]n (bn)v bn) - u(‘]n (a)v a) - (S(gn (bn)) - S(Cn (a)))
Using the continuity of u and S and the fact that 1i_>m ¢n(a) = ¢(a) and 1i_>m Cn(bn) = C(D),
we deduce that

1m0 8(gujf0.)) = u(a(a). @) — u(g(a), @) — (S(@) ~ S((a) =0
and thus ¢ is calibrated. (I

b
0= [ w(0)i0) - Hia(0).p(0).0) + )
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4.3. Every orbit in ) is in the graph of du.

Proposition 4.3. Let t — ((t) = ¢%(q,0,p,c — H(q,p,0)) = (q(t),t,p(t),c —
Hq(t),p(t),t)) be an orbit for H on Y. Then the curve q(t) is (u,c, L)-calibrated
and we have

vt € R,p(t) = du(q(t),1).
Proof. We choose (q+,p4) € w((q(0),p(0)), ¢}) and (¢, p-) € a((q(0),p(0)), ¢3)
and vk\)re denote by (4 (t) = (qu(¢),t, p+(t),c — H(qx(t), p+ (t), t)) the corresponding
H orbits in Y.

Then there exists two increasing sequences (n,) and (m,,) of positive integers so
that

(17) lim ((~ma) =¢(0) and  lim ((n) = (4 (0).

n—o0 n—
If [a,b] C R, we have

0 < 0(gjfa,p)) < Hminf (q—m, n,);

hence we will prove that this last limit is zero.
Using Lemma 4.1, we obtain

5(Q[—mn,nn]) = f:l;n (L(Q(t)v q'(t)vw + C>dt ( ( (nn)vnn> - u(‘](*mn% 7mn))
- S(C(”n)) - u(Q(”n)a nn) ( ( ( mn)) - u(‘](imn)v 7mn))

Because of (17) and of the continuity of u and S, we obtain

lim 0(q[—m,n,1) = S(C+(0)) = u(g+(0),0) — (S(¢-(0)) — u(g-(0),0)).

n—o0

We deduce from Proposition 4.2 and Proposition 4.1 that u is differentiable at every
(g+(t),t) and that

oL

dqu(qj: (t)v t) = a_ (Q:t (t>a g+ (t>a t) and H(qj: (t>a i, du(‘]ﬂ: (t>a t)) =C.

This implies that du(q+(¢),) = (p+(t), c—H(qx (), p=(t), t)) and then that (1. (t) =
(g+(t),t,du(g+(t),1)). Thls gives

lim 5( mn,nn]) = S(g(qu (0>a 07 du(qu (0>a 0)))*H((]+ (0)7 0)*(8((((17 (0)7 Oa du(q, (0>a 0)))711((]7 (0>a 70))

n—oo

Proposition 3.3 tells us that

vt € R, (q+(t), ¢, du(q+(t),1)) €Y and  u(qs(t),t) = S(q=(t), 1, du(qs(t), ).
We finally deduce that
lim 6(g[—m,, n,)) =0

n—oo

and that ¢ is (u, L, ¢)-calibrated.
We deduce from Proposition 4.1 that u is differentiable at every (¢(¢),¢) and that

Au(a(t),1) = T2 (alt). d(6), 1) and Ha(t), 1, du(a(t), 1) = c.

This implies that ¢(t) = (q(t), ¢, du((q(¢),t)). O
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4.4. The Lipschitz property of V. We know now that ) is a graph over My,
that is to say, the map pr|y : Y — M, is one-to-one, where pr : T*M; — M, is
the natural projection. We wish to show now that (pr|y)~! is Lipschitz. Then we
will deduce that £, which is a C! Lagrangian submanifold and a Lipschitz graph if
the graph of a C* 1-form.

The fact that (pr|y)~! is Lipschitz is in fact a consequence of a more general
result about weak KAM solutions for non autonomous Hamiltonians, the proof can
be find in [11], but to help the reader we write again the proof of this property in
our particular case. It is based on the following Lemma, due to J. Mather, where
we use the following definition.

DEFINITION.  An Euler-Lagrange extremal is the projection on M of an arc of
solution of the Hamilton equations.

Lemma 4.2. Given A > 0 there exists K > 0, ¢ > 0 and 6 > 0 with the following
property : if |v;| < A, (qi,vi,t;) € TMXT, i = 1,2 satisfy dp, ((q1,t1), (q2,t2)) < 0
and drarxr((q1,v1,t1), (g2, v2,t2)) > K~ ', ((q1,t1), (g2, t2)) then, if v : R — M,
i = 1,2 are Euler-Lagrange extremals satisfying vi(t;) = qi, ¥i(t;) = v, there exist
two Euler-Lagrange extremals o; : [t; — €,t; + €] = M with 0 < € < €1, satisfying

o1(t1 —€) =n(t1 —¢), o1(t1 + €) = 12 (ta + ¢€),
02(t276):’}/2(t276), 02(t2+6):’}/1(t1+6).
and moreover
AL+c(71 |t17€,t2+€] ) + AL+c(72 |t27e,t1+e] ) > AL+c(01) + AL+C(02)-

The proof of this Lemma is in [19]. Here M is endowed by a Riemannian metric.
da, is a distance in My, defined as the product between the Riemannian distance
in M and the flat distance in T, and drprxT is a distance on T'M x T, defined as
the product between the Riemannian distance in T'M and the flat distance in T.

Proposition 4.4. pr(Y) = M1, and the map (pr|y)~" : My — Y is Lipschitz.
Proof. We know that u is everywhere differentiable on M, and

(prly) (g, t) = (q,dqulq, 1), t,c — H(q, dqu(q,1),1)))

Since H is C?, in order to prove that (pr|y)~! is Lipschitz it is sufficient to show
that the following map

i My = T"MxT, i(q,t)=(q,deu(q,t),t),

is Lipschitz. Let us introduce the Legendre map :
oL
Leg: TM xT —T*M x T, Leg(q,v,t) = (q, a—(q,v,t),t).
v

It is a C! diffeomorphism and it maps fibers to fibers. Let us prove that j =
Leg™! o4 is locally Lipschitz, and therefore Lipschitz by compactness of M;. As a
consequence we get that ¢+ = Leg o j is Lipschitz too. Let
A> max |v]
(q,v,t)€5(M1)
and let K, § and ¢; be the constants given by Lemma 4.2. Given two points
(giyti), © = 1,2 in My such that da, ((g1,%1), (g2,t2)) < &, let us set j(gi,t;) =



24 MARIE-CLAUDE ARNAUD'# AND ANDREA VENTURELLI'

(gi,vi,t;), @ = 1,2 and assume, for the sake of contradiction that the following
inequality holds

draxr((q1,v1,t1), (g2, v2,t2)) > K tda, ((q1,t1), (g2, 2)).

Let now v : R — M i = 1,2 be the two Euler-Lagrange extremals satisfying
(vi(t:), ¥i(t:), t:) = (gi, vir t;), and let o; : [t; —€,t; + €] = M, i = 1,2 be the curves
given by Lemma 4.2. By Proposition 4.3 we know that ~; are calibrated curves for
u. Let us set

Auy =u(vi(ti +€),ti +€) —u(vi(ti —€),ti —¢), i=1,2.
Since u is dominated by L + ¢, by Lemma 4.2 we get

Aup +Auy < Apyc(o1) + Arte(o2)

< Aryemn ’[tl—e,tl-l-e] )+ Arte(72 ‘[tg—e,tz—i-e])
= Auy + Auy,

which gives a contradiction. We have proved that j is K ~!-Lipschitz, hence (pr |y)_1
is Lipschitz too.
(I

4.5. Proof of the corollaries. We prove the corollaries that were given in the
introduction.

Proof or Corollary 1.1 With the hypothesis of the corollary, we obtain that
L is a graph. We then use Theorem 6.4.1 of [12], which is a corollary of the
convergence of the Lax-Oleinik semi-group in weak KAM theory, to conclude.

Proof or Corollary 1.2 We proved that the H orbit of every point in ) is
(u, L, ¢)-calibrated. This implies (see for example [3]) that every orbit is minimizing.
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